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ARTICLE INFO ABSTRACT
Keywords: We investigate dynamic crack propagation and fragmentation with the phase-field fracture ap-
Phase-field fracture proach. The method was chosen for its ability to yield crack paths that are independent of the un-
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Mass erosion

Branching

Wave-damage interaction

derlying mesh, thanks to the damage regularization zone. In dynamics, we observe a progressive
widening of this regularization zone and attribute it to an unphysical trapping of elastic waves.
We show that the damage zones do not represent free boundaries accurately and that wave inter-
actions induce additional damage. We reveal how mass erosion, by conserving the elastic wave
speed in the damaged regions, can be used to efficiently reduce the spurious diffusion of damage.
Furthermore, we provide numerical evidence that dynamically propagating cracks in the phase-
field formulation, both with and without mass erosion, converge to the predictions of linear elastic
fracture mechanics. For vanishing regularization length, the crack speed and energy release rate
become independent of the phase-field regularization length, provided that this length scale is
small enough and the mesh fine enough to resolve the process zone.

1. Introduction

Dynamic fragmentation refers to the rapid breakup of a solid into multiple fragments resulting from the sudden release of a large
amount of energy, such as during an impact or an explosion. The study of this phenomenon has a wide range of applications, from
improving the safety of tempered glass [1-3] to mitigating the risks associated with space debris [4,5].

Theoretical fragmentation models were developed to predict fragment size distributions under dynamic loading, initially using a
statistical approach [6] and later extended to energy-driven models [7-9]. The complexity and variability of real-world scenarios,
however, motivate the use of computational models that can accommodate more complex geometries, loading conditions, and material
behaviour. The end goal is to accurately capture the elastodynamics as well as the fracture mechanics leading to crack nucleation
and propagation (including branching), which collectively shape the final fragments size distribution.

Discrete element simulations have demonstrated that even relatively simple particle models can reproduce key statistical features
of fragmentation, such as power-law fragment size distributions following impacts or internal explosions in solid bodies [10,11]. In
contrast, mesh-based numerical fracture models are able to describe the formation and evolution of individual cracks that ultimately
lead to fragmentation. These fracture models can be broadly classified into two main categories.

The first category comprises methods based on a discrete representation of discontinuities. For instance, the extended finite
element method (XFEM) enriches the interpolation space to allow for the discrete representation of cracks without remeshing [12],
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but requires additional criteria to handle crack branching [13]. Cohesive zone models (CZM) provide an explicit representation of
cracks and fragments through topological changes in the mesh [14,15], either along predefined crack paths [16] or via the automatic
insertion of cohesive elements [17]. This makes CZM particularly well suited for the study of fragmentation [2,18-20]. However,
without remeshing, this method remains mesh dependent, which limits the robustness of fracture path predictions and, consequently,
of the resulting fragment shapes.

The second category includes models based on a smeared representation of cracks. Representative examples include nonlocal inte-
gral approaches [21,22], peridynamics [23], thick level-set methods [24], and the Lip-field approach [25] amongst others. Phase-field
modelling of fracture also falls within this category. As with other smeared approaches, phase-field methods are attractive for their
independence from the underlying mesh topology, but they require sufficiently fine mesh resolution to accurately capture the tran-
sition from intact to fully broken material. Phase-field fracture models were developed within both the physics community, through
Ginzburg-Landau-type phase-transition formulations [26,27], and the mechanics community, through variational formulations of
brittle fracture based on Griffith’s theory [28,29] and their regularized approximations [30,31]. The crack thickness in phase-field
models can be interpreted in two ways: as a purely numerical regularization that should vanish as the regularization length is refined,
or as a genuine material parameter [32]. This approach has since been adapted to a wide range of fracture applications, including
ductile fracture [33] and stochastic modelling of brittle fracture [34].

The extension of the phase-field framework to dynamic crack propagation [35,36] has opened the door to its application to
dynamic fragmentation, and it has already been used to study one-dimensional fragmentation [37,38]. However, a widening of
damage bands is commonly observed under dynamic loading [35,36]. As this widening appears to be load-dependent, it becomes
particularly problematic in the context of dynamic fragmentation, where extreme loading can lead to uninterpretable and potentially
unphysical damage patterns. Moreover, because the damaged material is progressively degraded, elastic waves are reflected by a
diffusive interface, potentially leading to additional damage and spalling through wave superposition [39]. This suggests that the
interaction between elastic waves and damaged zones is a key mechanism in the development of this damage sprawl.

As material stiffness is degraded, the wave speed within the damaged zone decreases, and elastic waves interact with damage.
The objective of this work is to compare the classical phase-field formulation with an alternative approach that preserves the wave
velocity by degrading the mass consistently with the stiffness. After illustrating the issue in a fragmentation example, we investigate
the interaction between an elastic wave and a damaged boundary in a pseudo one-dimensional setting and explore, how damage
spreads through this interaction.

The differences in crack propagation dynamics between the two approaches are then examined in two dimensions, first for a single
crack and then in the presence of branching. In this context, we study the convergence of the crack velocity and the dissipated energy
as the regularization length is reduced.

This article begins by recalling the formulation of phase-field modelling of fracture in Section 2. In Section 3, we illustrate the
issue of damage-band widening in fragmentation. The interaction between elastic waves and damage, as well as the resulting damage
sprawl, is then explored in Section 4. In Section 5, we investigate the behaviour of the model with mass degradation in the context of
two-dimensional crack propagation and branching. Finally, Section 6 discusses the perspectives opened by these results and outlines
potential directions for future research.

2. Phase-field modelling of brittle fracture
2.1. Regularized variational formulation of Griffith energy balance

Starting from the free-discontinuity framework, brittle fracture can be described by the variational formulation introduced by
Francfort and Marigo [29]. In this setting, the displacement field u and the crack set I" are obtained by minimizing the total energy
functional

E(u,T) = / Pe(w)dV + G, H" 1), )}
Q\I

where Q denotes the domain of interest and I" represents a set of discontinuities corresponding to cracks. The first term accounts for
the elastic strain energy stored in the intact region Q \ I', with W(¢) the strain-energy density expressed in terms of the linearized
strain tensor (u). The second term represents the fracture energy required to create new crack surfaces. It is proportional to the
critical energy release rate G,, and to H"~1(T'), the (n — 1)-dimensional Hausdorff measure quantifying the total crack surface.
Regularization of the free-discontinuity problem follows the framework introduced in Ref. [30]. In particular, the work of Bourdin
et al. [31] proposes a variational regularization based on a scalar damage field d(x) € [0, 1], where d = 0 denotes undamaged material,
d = 1 corresponds to fully damaged material, and intermediate values describe a diffusive transition zone. This transition from a sharp
discontinuity to a smeared description of the crack is illustrated in Fig. 1a. The regularized energy functional is given by

E,O(u,d) = / g(d)¥(e(u))dV + & / <@ + IO|Vd|2> av, 2
Q Cw JQ 0

where the Hausdorff measure in Eq. (1) is approximated by a volumetric integral. Note that there exists a higher order formulation

for the said volumetric integral, such as the fourth-order formulation incorporating a term in |Ad|?> [40]. The length scale parameter

I, governs the thickness of the diffusive crack region, i.e. the width of the transition zone between d = 0 and d = 1. The degradation

function g(d) is a continuous, monotonically decreasing function that reduces the material stiffness as damage grows, and satisfies

2
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Fig. 1. (a)Regularization of a sharp crack I by a diffusive damage field d(x) in a continuous domain Q subject to traction f and imposed displacement.
The regularized fracture corresponds to the region I'; = {x € Q|d(x) > 0} of width related to /,. (b)Optimal damage profile for a 1D crack located
at x = 0. Note the limited support of the damage for the AT1 formulation.

g(0)=1g(1)=0,g’(1) =0 and g’(d) < 0 for d € [0, 1). A widely used choice for this function is the quadratic polynomial
gd)=(1-a)>. 3

The local contribution to the dissipated energy is described by a continuous and monotonic function w(d) satisfying w(0) = 0, w(1) =
1 and w'(d) > 0 for d € [0, 1]. This function is associated with a normalization constant defined as ¢, := 4 /01 w(s)ds.

The original formulation in [31] gives w(d) = d* and c,, = 2. In [41], a linear function is proposed for the dissipated energy. These
two formulations are commonly referred to as AT2 and AT1, respectively:

e AT1: w(d)=d, c, :%
e AT2: w(d)=d? c¢,=2

w

The optimal damage profile for a one-dimensional crack located at x = 0 is shown in Fig. 1b for both the AT1 and AT2 formulations.
The main difference between the two models is that AT1 presents a limited support for the damage around a crack and predicts
an initial purely elastic phase prior to damage nucleation, whereas AT2 produces a gradual degradation of stiffness from the onset
of loading. The inherent positivity of the damage variable in AT2, resulting from the squared term in the dissipation function, is
often considered an attractive feature. However, in dynamic applications it is desirable to preserve the undamaged elastic response
and the correct wave speed away from the crack, which makes the AT1 formulation more suitable in that context. Hence, this is the
formulation that will be used for the entirety of this study.
The problem is extended to dynamic by accounting the contribution of the kinetic energy to the total energy functional. Subtracting
also the work from external forces W, (u) gives
E,(u.d) = / g W(em) dV + Ge / (M + 10||Vd||2> dv —/ Loa aav —wo, ), )
Q cw Ja \ 1 Q2

w 0

with p the mass density of the material.
For an arbitrary time interval, we can now define the space-time action integral

I
A(u,d):/ E, (u,d)dt. (5)
fo
The coupled displacement-damage problem is subject to the three following principles:
e Irreversibility of damage: d > 0 for all time ¢

¢ First-order stability: the action-integral variation is non-negative with respect to arbitrary variations of admissible displacements
and damage evolution,

Al d)i—u,d—d)>0, VielU),deDWd). (6)

The spaces U'(w) = {t : QX [ty,#;] > RI™|it = u, on 0Q, } and D(d) = {d : QX [ty,1;] = [0,1]/0 < d < d < 1} are the admissible
spaces of displacements and damage, respectively, u, being a prescribed displacement on a subset dQ, of the geometric space.
» Energy balance: damage is the only source of energy dissipation via the fracture energy Eg..(u,d) = f—c Ja (%‘” +pllVd ||2> dv.
w 0

The derivation of the second principle at fixed damage leads to the damage-dependent elastodynamic equilibrium

V-o(u,d)+b = pi, 7
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with appropriate boundary condition on = f on 9Q, n being the outward normal vector, and the body forces b. The stress function
is derived from the elastic energy

(1 = dP(Mr(e)l + 2pe), (€)

_ o 0w
o(u,d) = (1 —d) =

4 and p being the Lamé parameters.
The time dependence of damage being only induced by its irreversibility condition and its admissible space, the evolution of
damage, for a given displacement u, follows from the partial minimization of the total energy E; (u, d) with respect to d:

Eq(u,d) + Egpc(u,d) < Eq(u,d) + Egp(u,d)  Vd € D(d), 9)
with Eg(u,d) = |, g(d)®(e(w) dV.

2.2. Separation of tension and compression

The original formulations in Eq. (1) and (2) do not distinguish between the contribution of tension and compression in the
energy available to propagate cracks. As a result, cracks may appear in compressive regions, and interpenetration of crack faces is
not prevented. A modification of the elastic energy, which splits the strain energy into contributions from tension and compression,
was proposed in [42]:

Eqja, =/ (g(d)l{ﬁ(f)"rl{’_(e))dﬂ (10)
Q

Here, the strain energy density is decomposed into contributions from shear and positive volumetric changes, and from negative
volumetric changes:

wt(e) = %K(t[‘&)i + pgdev o gdev, v (e) = %K(tre)g. 11

Other splitting strategies have been proposed, such as the spectral split [43] and the alternative decomposition presented in [44].
The importance of separating tension and compression will be discussed in the outlook section of the article, in particular the in-
compatibility of energy decomposition with the formulation introduced in the next Section. The fragmentation case presented in this
work, as well as classical expanding rings and shells experiments [7,45], are mainly driven by tension. When using the AT1 model
with an elastic threshold, we expect the influence of the energy split to be negligible in the non-degraded case. Cohesive element
simulations of the Mott expanding ring case confirm that the resulting fragment mass distributions is correctly captured with purely
tensile cohesive fracture [46]. Therefore, we do not use the energy split in the simulation results presented in this work. This stance
is valid for the present study, but does not translate for general fragmentation cases where compression is not negligible, such as
during an impact.

2.3. Mass degradation

The degradation of stiffness in Eq. (2) is accompanied by a corresponding reduction of the elastic wave speed in the damaged

zone:
N G2y a2)
P

An interesting approach, which does not lead to this alteration of the wave velocity, is proposed in Ref. [47,48]. The authors of these
works argue that fracture is not necessarily associated with a loss of elastic wave velocity in the process zone, and suggest a strategy
to preserve it by scaling the mass density in the same way as the stiffness. If the stiffness is scaled by the degradation function g(d),
the mass density is similarly scaled as p(d) = g(d)py.

This ensures that the elastic wave velocity in the process zone remains constant. For example, the shear wave speed ¢, satisfies

o = fHD _ fme@ _ a3)
==\ o@ "\ pos@

Naturally, this procedure leads to a process called mass erosion, and does not satisfy the general principle of mass conservation.
The complete energy functional with this addition would be
w(d)

G
E, (u,d)=/g(d)‘P(e(u))dV+—C/ <—+lo||Vd||2> dV—/lg(d)pil~l'ldV—I/I/ext(u), 14
0 Q Cw Ja l() 92

whose derivative with respect to d would give a contribution of the kinetic energy. While a formal adherence to the variational
formulation requires including this term in the damage problem, its justification remains purely mathematical. In the context of
this study, mass degradation is primarily employed to preserve wave velocity within damaged regions. Incorporating the damage
contribution to mass density solely in the dynamic problem is sufficient for this purpose, and extending this contribution to the
phase-field evolution lacks physical motivation. Therefore, the damage problem formulation remains unchanged throughout this
work.
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2.4. Numerical implementation

The problem is discretized using the finite element method and is implemented in the open-source FEM library Akantu [49]. The
implementation is largely based on [36]. Given a mesh discretization Q, of the domain Q, the quantities of interest are interpolated
inside any element Q, € Q, by

u(x) = N(xu°, e(u)(x) = Bx)u’, (15)
d(x) = Ny (x)d°, Vd(x) = B, (x)d*, (16)

with N and B the interpolation and differentiation matrices. u® and d° are the nodal values of the displacement and damage on the
element Q,.

Rather than using a monolithic approach, the dynamic problem and the damage problem are solved in a staggered manner.

As the overall goal of this project is to investigate large-scale fragmentation problems, explicit time integration becomes ad-
vantageous due to its computational efficiency and amenability to parallelization. Similarly, linear triangular elements are chosen
here for their low computational cost. Hence, the displacement u, velocity u and acceleration ii, satisfying the damage-dependent
elastodynamic equilibrium, are updated using an explicit Newmark scheme:

» From a step n corresponding to an arbitrary time ¢, a predictor step computes the displacement and parts of the velocity at time
t+ At,

2

En+l = En + Atl‘—ln + ATIEH’ (17)

. X At ..

g, =8,+ 56, (1s)
e The computation of the acceleration increment comes from the weak form of Eq. 7

Még =Fext — Finc — ME,, (19)

The external force F,; is assembled from the surface traction f and potential body force b, while the internal force F;,, is assembled
from the elementary vectors Fient = /Qe Bo(Bu®,N,d*)dV.
e A corrector step updates the velocity and acceleration

En-H

=i, +di, (20)
At

- P
En+l +

2 EnJrl' (21)

En+l =

The damage problem is solved once per time step using the current displacement field. The phase-field equation is obtained from

the minimization of the energy functional with respect to the damage variable d, Eq. (9). Its weak form, with AT1 formulation, reads:
Find d € [0, 1] such that

/ <—2(1 — d)P(e(w)v + 3;;0 <liu +21,Vd - Vv>> dVv =0. Yvel[o,1] 22)
Q 0

The subsequent finite element discretization leads to the following element-level contributions to the Hessian matrix H and the
residual vector b:

3G,
H® = / (2\P(BEE)N§Nd+ ScloBgBd>dv, (23)
3G
bez/ 2¥(Bu’) — —< |N, dV. 24
Qe - 8]0

Following [36] again, the damage problem can be reformulated as a bound-constrained quadratic optimization problem:

min  LdTHd—dTb st 1 >d>d,, (25)
d 2 "

where the box constraint 1 > d > d, enforces the damage irreversibility.

This problem is solved using the Gradient Projection Conjugate Gradient (GPCG) method, as implemented in the Toolkit for
Advanced Optimization (TAO) of the PETSc library [50-52]. PETSc is an MPI-based library providing routines and data structures for
the scalable, parallel solution of large-scale partial differential equations. Within this framework, TAO provides algorithms for large-
scale optimization, including GPCG. GPCG is an algorithm to solve bound constrained quadratic optimization problems. It utilizes a
Gradient Projection strategy to identify a face to explore, with active variables currently at a boundary. The active variables are then
fixed and a Conjugate Gradient method is used to explore the face with the remaining free variables. The algorithm then switches
back to the projection phase to identify a new face to explore until a satisfying approximation of the solution is found. More details
on this method can be found in Ref. [53].

Both the dynamic and the damage models are parallelized in Akantu using a ghost element strategy, more details on its imple-
mentation can be found in Ref. [20,54].
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Fig. 2. Geometry and boundary conditions for the fragmentation of an expanding spherical membrane, and the equivalent 2D problem, a plate in
radial expansion.

3. Dynamic fragmentation and damage spreading

As an initial demonstration of dynamic fragmentation, and to illustrate the difficulties that arise when using the classical phase-
field formulation without mass degradation, we consider the case of an expanding spherical membrane, pictured in Fig. 2. A square
portion of the sphere, of size 1 cm x 1 cm, is extracted and approximated in two dimensions as a square plate in plane-strain condition
and subjected to radial loading. The geometry is discretized using 195,332 linear triangular elements.

A velocity gradient is prescribed throughout the domain to impose a uniform initial strain rate ¢ at the beginning of the simulation.
This loading is then maintained by incrementally adjusting the imposed displacement at the boundary to preserve the target strain
rate during the dynamic evolution.

The material parameters are: a Young’s modulus E = 370 GPa, a Poisson’s ratio v = 0.22, and a density p = 3900kg m~>. The reg-
ularization length is set to /, = 0.111 mm. The critical energy release rate G, is modelled via a Weibull distribution with probability
density function

k-1
(5) oo, <20

x <0,

S(x;4,k) = (26)

S =

with the scale parameter 1 = 50 and the shape parameter k = 10 to account for material heterogeneity. These parameters yield a mean
G, = 47.6Jm™? and a standard deviation of 5.7 Jm~2.

As explained in the previous section, the problem is solved using an explicit Newmark scheme with a time step At = 3.367 X 1073 ns
and the damage problem being solved at each time step.

The crack pattern obtained for a strain rate of ¢ = 100s~! and at four different times is shown in Figs. 3a-3d. We observe the
nucleation, propagation, and coalescence of multiple fractures, ultimately leading to the formation of fragments. However, the crack
propagation is accompanied by a substantial widening of the damage bands, reaching several times their initial width. As a result,
the behaviour within the damaged zones becomes difficult to interpret, and the precise geometry of the resulting fragments cannot
be reliably determined. Furthermore, a significant fraction of material is effectively lost within these highly damaged regions, which
may compromise the accuracy of the predicted fragment masses. The majority of the crack width consists of highly damaged material.
Specifically, 20.0 % of the total plate surface exhibits a damage level of d > 0.9. Under these conditions, the test yields 27 fragments.

Employing an energy decomposition yields a similar widening of the damage bands, as shown in Appendix A.

The next sections investigate the mechanisms responsible for this excessive increase in crack thickness and explore the use of
mass degradation as a strategy to obtain qualitatively more interpretable results in dynamic fragmentation. To illustrate our purpose,
the same simulation test is now repeated with mass degradation. The resulting crack pattern is shown in Figs. 3e-3h. As observed,
the widths of the damage bands are better controlled, allowing the shapes of the resulting fragments to be identified with greater
accuracy. In contrast to the non-degraded case, only 6.4 % of the surface area is damaged above d = 0.9, despite producing a higher
count of 30 fragments.

4. Interaction of elastic waves with damage
4.1. Wave reflection at a damaged free boundary

The objective of this section is to compare the behaviour of a free boundary with that of a damaged boundary under dynamic
loading. To investigate the reason for the observed widening of the damage bands, we simplify the problem to a pseudo-1D bar,
illustrated in Fig. 4.

The bar, of length L = 5mm, is discretized using linear triangular elements of base and height A = 5 yum, which is also the height
of the bar. For the material parameters, we choose a Young’s modulus E = 275GPa, a Poisson’s ratio v = 0, and a density of p =
2750 kg m=3. The fracture related parameters are G, = 200J m~2 and /, = 200 ym, which is much larger than the mesh size and ensures
a good resolution of the response within the damaged region. The right end of the bar is left free to undergo horizontal motion.

6
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Fig. 3. (a)-(d) Damage field without mass degradation at four different time steps. (e)-(h) Damage field with mass degradation at four different
time steps.
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Fig. 4. Geometry and boundary condition of the 1D bar test. An impulse is sent from the left toward a free boundary (right), with or without
damage.
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Damage is prescribed to be equal to 1 at the right boundary, and the corresponding optimal damage profile is obtained by solving the
damage problem. A sinusoidal impulse 5(¢) = 0.0SEAI sin #&M is applied at the left end of the pseudo-1D bar for the 600 first time
steps, as shown in Fig. 4. The amplitude of the impulse is chosen sufficiently small to prevent the nucleation of additional damage.
The subsequent dynamic simulation is carried out using the same explicit time-integration scheme, with a time step Az = 96.65 ns for
the solid model, while the damage field is still updated at each step to ensure that no damage develops in the intact part.

A reference simulation is first conducted without damage to establish a baseline for the subsequent analysis. The results are
presented in Fig. 5 as a c-t diagram showing the strain as a function of time and of the position along the bar, normalized by the
regularization length. The compressive wave propagates from the left boundary toward the right. As expected, upon reaching the
free end, the incident compressive wave is sharply reflected as a tensile wave, producing a clear change of sign in the strain field. A
small amount of numerical noise (dispersion) is visible after the passage of the impulse, but it does not affect the overall behaviour
of the solution. This can also be seen in Fig. 6, which shows the strain as a function of position at three different times. The reflected
wave maintains its shape and amplitude, and the noise remains of small amplitude after the main wave passes.

The simulation is then repeated with a damaged boundary, first without mass degradation, as shown in Fig. 7. The same impulse
propagates from the left toward the right. Upon reaching the damaged end, the wave is progressively slowed down and the strain
amplitude increases by several orders of magnitude. A portion of the wave is reflected earlier than in the reference case, indicating a
modification of the effective boundary response. Following the arrival of the wave, the damaged region enters what may be described
as a ringing regime: waves become trapped within the damaged zone, and small oscillations persist over time. The damaged end
continues to emit alternating tensile and compressive waves, which subsequently interact with the next incoming main wave. Thus,
even in the absence of additional damage spreading, the behaviour of the damaged boundary is problematic, as it does not reproduce
the expected response of a free boundary.
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Fig. 5. (a) c-t diagram of the reference case without damage and (b) close up on the highlighted rectangular area. We observe a sharp reflection of
the wave at the free boundary with a change of sign.
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Fig. 6. Strain as a function of the position close to the free boundary for the reference case without damage at three different times marked by
dashed lines in Fig. 5a.

The simulation is again repeated with mass degradation, as shown in Fig. 8. In this case, a sharp reflection is recovered, much closer
to the reference free-boundary response. The wave is no longer slowed down, as the wave velocity is preserved within the damaged
zone, and little to no increase in strain amplitude is observed. Fig. 9 shows the strain as a function of position at three different times,
respectively without and with mass degradation. The deformation of the reflected wave can clearly be seen in the first case, along
with the presence of residual oscillations after the main wave passage. The right part of the figure shows a shape of the reflected wave
much closer to the original impulse. The behaviour with loss of mass is not entirely ideal, however: a small portion of the reflected
wave does not undergo a complete sign reversal, and the reflection still occurs slightly earlier than expected. Nevertheless, these
results demonstrate that preserving the wave speed within the damaged region is essential for damage to accurately approximate a
free boundary, thereby providing a more physically consistent representation of a fracture.

Complementing the present results, an analysis of the convergence of both models (with and without mass erosion) toward the
reference result without damage is presented in Appendix B.

4.2. Damage spreading mechanism

We now investigate the damage spreading mechanism by considering the oscillations of a bar released from an initially compressed
state. The configuration is analogous to the one introduced in Section 4.1 in terms of geometry and mesh size. The material parameters
are identical to those used in the previous section, except for the regularization length, which is decreased to I, = 20 ym, a value still
larger than the mesh size. The bar is initially compressed from both ends by imposing a displacement § = 15 ym.

After applying the imposed displacement, we first solve the problem with a single static step without damage to obtain the stress
and displacement fields in the bar. The two ends of the bar are then released, and the system is free to evolve dynamically via the
same explicit scheme with a time step A7 = 96.65ns. Two release waves propagate from the ends of the bar and superpose at the
centre where they reach a sufficient deformation to nucleate a crack and the simulation is continued for a few oscillations. This test
is performed twice, first without and then with mass degradation Fig. 10.

8
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Fig.7. (a) c-tdiagram with damage but without mass degradation and (b)magnification on one reflection at the damaged end with the corresponding
damage value. The reflection is not sharp any more and parts of the waves are trapped in the damaged area.
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Fig. 8. (a) c-t diagram with damage and mass degradation and (b) magnification on one reflection at the damaged end. A sharp reflection is
recovered, closer to the reference case. Note that the reflection is not perfect, as a part of the reflected wave does not change sign.
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Fig. 9. Strain as a function of the position close to the damaged boundary for the three different times marked by dashed lines in Figs. 7a and 8a,
(a) without mass degradation and (b) with mass degradation.
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Fig. 10. Geometry and boundary conditions for the oscillation test.
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Fig. 11. c-t diagram of the damage as a function of time and position around the centre of the bar. (a) Without mass degradation an increase in
damage with each incoming wave is observed, while (b) with mass degradation a stable damage profile is maintained.

Fig. 11 presents the results in the form of a c-t diagram. The heatmap displays the damage field as a function of time and position,
normalized by the regularization length /. The view is restricted to the central region of the bar, where wave superposition occurs, and
damage nucleation takes place. In both simulations, damage initiates when the first waves reach the centre, with an initial width close
to the theoretical value of 4/,. In the case without mass degradation (left), each subsequent oscillation leads to a progressive increase
in damage. It should be noted that a comparable expansion of the fracture zone occurs when employing an energy decomposition
scheme, as reported in Appendix A. The tensile component of the wave interacts with the existing damage in a manner consistent
with the observations detailed in the preceding section. In contrast, the case with mass degradation (right) exhibits a stable damage
profile throughout the simulation.

This behaviour is further illustrated in Fig. 12, which shows the evolution of the elastic, kinetic, and dissipated energy over
time. Both simulations begin with a conversion of elastic to kinetic energy as the bar is released. Upon arrival of the waves at the
centre of the bar, damage nucleates and the dissipated energy increases. This event coincides with a reduction in kinetic energy
and a corresponding rise in elastic energy due to wave reflection. The kinetic energy remains higher in the simulation without
mass degradation. This can be attributed to a cleaner reflection of the wave in the simulation with mass degradation, in contrast to
the perturbations present in the damaged zone in the first case. As expected, the simulation without mass degradation exhibits an
incremental increase in dissipated energy with each oscillation.

Fig. 13 presents the c-t diagram of the strain along the entire length of the bar for both simulations. In both cases, the initially
compressed bar relaxes as the release waves propagate from the ends toward the centre. Subsequently, the bar oscillates, with
alternating tensile and compressive waves reflecting at the centre and at the boundaries.

In the simulation without mass degradation, the strain values in the middle of the bar reach higher amplitudes (with an absolute
maximum for ¢, = 0.9 versus ¢,, = 0.29 with mass degradation), and more damage develops during the early stages. As a result,
more energy is trapped in the damaged zone and less of the waves are effectively reflected, leading to a thinner spatial span of the
wave patterns. Moreover, the region of high strain grows over time when mass degradation is not applied.

A close up on a pair of reflected waves is shown in Fig. 14. With mass degradation, the transition from compression to tension
remains smooth as the waves propagate through the damaged zone. Without mass degradation, however, the strain increases in the
damaged region. This elevated strain promotes additional damage, as evidenced by the earlier outward movement of the d = 0.5
isoline, pushing in turn the higher and lower damage valued zones outward.

These findings indicate that when mass is preserved while the wave speed is reduced, elastic waves interact with the damaged
zone in an undesirable manner.

10
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Fig. 12. Evolution of the elastic, kinetic and dissipated energy as a function of time for the oscillation test. (a) The plot for the simulation without
mass degradation shows the increase in dissipated energy corresponding to the widening of the damage band. (b) With mass degradation, the
dissipated energy reaches a steady state.
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Fig. 13. c-t diagram of the strain in the whole bar length. (a) The case without mass degradation shows a shorter wave span tha (b) the case with
mass degradation. A high strain area appears around the centre, corresponding to the damaged zone. This area increases over time in (a). Note the
difference in scale for the compressive values. The magnification windows in black are shown in the next figure.

5. 2D Crack propagation and branching
5.1. Single crack dynamics

In the previous section, we identified the interaction of elastic waves with damage as a source of damage sprawl and other generally
unwanted behaviour. We showed that preserving wave velocity is a key component for obtaining reliable results under high loading.
We now shift to a two-dimensional setting to examine crack propagation with mass degradation.

We consider the example of a notched PMMA plate in 2D plane-stress condition, with the geometry and boundary conditions shown
in Fig. 15a, following configurations similar to those in [55,56]. The material properties are E = 3.09 GPa,v = 0.35,G, = 300J m~2,
and p = 1180kgm~3. The corresponding Rayleigh wave speed is ¢, = 906 ms~!. A prescribed displacement Au is imposed on the top
and bottom boundaries of the plate.

As a first step, the solid mechanics problem is solved in a single static step without damage to obtain the stress and displacement
fields throughout the domain. As before, the system is then allowed to evolve dynamically, with the damage field updated once per
time step based on the current displacement state.

11
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Fig. 14. Detail of the c-t diagram of the strain around the centre of the bar for one pair of reflected waves. The contour lines represent the damage

levels d = 0.01,d = 0.5 and d = 0.9. (a) Without mass degradation, the value of the strain reach a high value associated with high damage. This zone
of high strain grows as the waves are reflected. (b) With mass degradation, the zone of high strain value is also present but remains contained.
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Fig. 15. (a)Geometry and boundary conditions for the crack propagation test. (b) Example of crack propagation at /, = 0.2mm and Au = 36um
without mass degradation. The crack thickness increases as the crack advances and accelerates. (a) Crack propagation also at /, = 0.2mm and
Au = 36pm with mass degradation. The crack remains thinner than without mass degradation. (d) Crack propagation with mass erosion and a finer
mesh, /, = 0.lmm and Au = 36um. The crack propagates and then branches.

An example of crack propagation without mass degradation is shown in Fig. 15b, for /, = 0.2 mm and Au = 36 ym. The crack width
increases rapidly as the crack accelerates, reaching values around twice its initial width-an effect already reported in [35,36]. No
crack branching is observed in this case.

The same example, but with mass degradation, is shown in Fig. 15c. In this case, the crack thickness remains relatively low over
more than half of its propagation path. It then widens before reaching the end of the plate, accompanied by an aborted branching
attempt. Fig. 15d shows that, for a regularization length reduced to /, = 0.1 mm, branching is promoted and the wider crack near the
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Fig. 16. Crack width along the crack paths in Figs. 15b and 15c for three different times, (a) with and (b) without mass degradation. The curves
are superposed and damage does not evolve once it is set.

right end in Fig. 21b are now fully formed branches. As will be discussed in Section 5.2, branching occurs more readily when mass
degradation is employed.

The crack thickness as a function of the crack length at different points in time is reported in Fig. 16. The crack width w is
computed in post-processing by rasterizing the damage heatmap, thresholding at a certain damage value and counting the remaining
pixel in each column. The difference in width lies primarily in the highly damaged area of the fracture, so a threshold of d = 0.5 is
chosen. As the curves nearly superpose in time, and in opposition to the observations of the previous section, we conclude that no
widening occurs after the passing of the crack. Vibrations and wave trapping are not significant in this simulation setup. Generally,
the crack width is larger when there is no mass degradation. This can be imputed to slower unloading (slower wave speeds) of the
fracture faces; the additional dissipation in the width of the crack is intimately linked to a slower propagation (see crack tip position
as function of time).

A distinction should be made between the widening observed in 1D in the previous section, due to premature wave reflection in
damaged zones, and the widening observed here, which is independent of wave interaction. While the former is non-physical and
purely a numerical artifact, the latter has been proven to accurately represent the velocity toughening observed experimentally, as
discussed in Ref. [55]. Although investigating the velocity toughening mechanism is beyond the scope of this work, it is interesting
to note that while mass degradation limits fracture widening, this effect remains present, especially prior to branching.

The next step is to perform a convergence analysis of crack propagation as the regularization length /, tends to zero. The mesh
element size h is refined accordingly such that

/
ly—>0 and ZO — o0, 27)

ensuring adequate resolution of the diffused crack as /, decreases. From this point onward, a fixed value for /, means also a cor-
responding fixed mesh size 4 whose values are displayed in the inset of Fig. 17. The boundary conditions remain the same as in
Fig. 15. Convergence is assessed based on the crack-tip position as a function of time, the corresponding crack velocity, and the
energy dissipation per unit crack extension.

The crack-tip position is defined as the rightmost point at which the damage variable satisfies d > 0.9. The crack velocity is
computed by finite differences of the crack-tip position over successive time increments. The resulting velocity curves are subsequently
smoothed using a moving-average filter.

Fig. 17 shows the crack-tip position as a function of time for decreasing values of the regularization length /,, for both the cases
with and without mass degradation. The simulations with mass degradation are shown using dashed lines. In both sets of curves, a
darker colour corresponds to a smaller value of /,. For the darkest dashed curves (smallest /), a kink appears in the trajectory. This
kink corresponds to the onset of a branching event, as seen in Fig. 15d, which temporarily slows down the crack. A short delay before
crack initiation is also noticeable, and this delay decreases as /, becomes smaller; more details on this phenomenon can be found in
Ref. [57].

Remarkably, the simulations provide evidence of convergence of the phase-field approach, as the trajectories become closer to
one another with /, decreasing. To the best of our knowledge, it is the first time that convergence is reported for a dynamically
propagating crack. A second notable observation is the difference in slope between the two families of curves: the simulations with
mass degradation exhibit a steeper slope, and therefore a higher crack velocity. The convergence trend is further reported in Fig. 18,
where the distance between the crack tips of two consecutive decreasing regularisation lengths is presented at two different times in
the simulation.
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Fig. 17. Crack tip position as a function of time for decreasing regularization lengths /, for the case without mass degradation (full lines) and with
mass degradation (dashed lines) and for an imposed displacement Au = 36um. The slopes of the curves are much steeper in the case with mass
degradation. We observe a convergence as the regularization length decreases for both cases with and without mass degradation.
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Fig. 18. Difference in position from Fig. 17 relative to the next lower [, value for two different times. FM is for full mass and DM for degraded
mass. The difference in position decreases with /.

The corresponding crack velocities are reported in Fig. 19. Without mass degradation, the curves clearly converge to a steady
velocity of approximately 0.6¢,. When mass degradation is included, the fracture reaches higher velocities, exceeding 0.8¢,, because
the elastic waves are not slowed down in the process zone and less energy is dissipated within the crack width. The kink observed
in Fig. 17 becomes even more pronounced here, as the velocity drops when the fracture begins to branch. This branching event also
appears to occur earlier as /, decreases.

It is observed that the crack velocities obtained with mass degradation exceed the reported limiting velocity of 0.75¢, for PMMA [55,
56]. This discrepancy may be attributed to several factors. While the macroscopic toughness of PMMA is known to be rate dependent
and crack propagation is not always accurately described by LEFM at high crack velocity [58], no rate-dependency is included in
the present phase-field model. Nevertheless, momentary single-crack states, following the predicted crack velocity up to 0.9¢,, have
been observed between microbranching events [58]. Furthermore, crack velocities in brittle polyacrylamide gels have been shown
to follow LEFM predictions before the appearance of instabilities above 0.87¢; [59], with ¢, the shear wave speed of the material.
While a comprehensive experimental validation remains beyond the scope of this study and further investigation into these effects is
warranted, we consider the crack velocities reported here not to be in disagreement with experimental observations.

The dissipated energy is now examined in detail. The total dissipated energy is computed from the damage field using the
Ambrosio-Tortorelli regularization,

G,

=2 (ﬁ + zo||Vd||2> av. 28)
Cw Jo IO

and the dissipation rate is defined as the increment of dissipated energy per increment of crack length,

dE
r=—=<2 (29
da

with @ denoting the theoretical crack length. Note that this method of computing is not accurate after branching, as the real crack
length does not correspond to the computed value. The results are shown in Fig. 20.
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Fig. 19. Crack tip velocity as a function of time, normalized by c,, for Au = 36 ym. Without mass degradation, the dynamically propagating cracks
reach a velocity of approximately 0.6¢,, while with mass degradation they reach a velocity of approximately 0.8c,.
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Fig. 20. Dissipation rate as a function of crack length, normalized by the critical energy release rate G, and for Au = pm. The initial large value is
an artifact at the onset of crack propagation, since the damage width increases without any crack advance. When the crack propagates, and in the
case without mass degradation, the dissipation rate is higher than G,. Degrading the mass leads to a dissipation rate converging to G.. For a fine
mesh, branching can be seen as the dissipation rate jumps to values larger than twice G,.

The very large dissipation rate observed at the beginning of the simulation is an artifact due to the initial increase of damage near
the notch tip, and hence dissipation, prior to the onset of crack propagation. Without mass degradation, once this initial transient has
passed, the dissipation rate rises from 1G. to slightly below 1.5G.. The lower crack velocity in this case leads to enhanced dissipation
within the crack width.

With mass degradation, the dissipation rate converges toward G, until the point at which branching initiates, at which point
the dissipation goes above 2G, for the two lowest regularization length. Again here, the lower rise in dissipation rate toward the
end of the plate for the two lighter curves correspond to the widening of the crack observed in Fig. 15c, while the sharper peaks
in the two darker curves correspond to the branching in Fig. 15d. The reduced dissipation rate favours branching, as the system
seeks additional mechanisms to dissipate the required energy. The higher crack velocity in the degraded-mass case also makes the
crack more susceptible to instabilities, either numerically in this case, or due to small material heterogeneities if they were included.
Currently, it is unclear whether there can be numerical mesh convergence of dynamic instabilities such as branching events.

5.2. Branching crack dynamics

When examining branching behaviour, the contrast between the two formulations becomes particularly pronounced. Two exam-
ples of branching are shown in Figs. 21a and 21b, corresponding respectively to the cases without and with mass degradation. In this
example, the regularization length is /; = 0.1 mm and the imposed displacement is Au = 45 ym.

In the absence of mass degradation, the fracture rapidly thickens, and significant instabilities develop before the first two branches
finally separate. It is difficult to clearly characterize the sequence of events preceding branching, and small fragments appear im-
mediately before the formation of the initial pair of branches. The crack then continues to propagate from one branch, alternately
switching between the top and bottom branches as the other is aborted. A large, highly damaged region forms ahead of the crack tip

15



S. Durussel et al. Computer Methods in Applied Mechanics and Engineering 456 (2026) 118942

— <

(a) (b)

Fig. 21. Examples of branching for an imposed displacement of Au = 45 ym. (a) without mass degradation, the crack width is important prior to
branching and the exact point at which it happens is hard to identify. (b) with mass degradation, the width of the crack stays controlled, and the
branching is clearly defined.

10 —

L

L 8 g
- )
S ~
~ —
2 6 Q
= 5
! ~
g 4 g
s 2 £
z

A

0

0.000 0.005 0.010 0.015 0.020 0.025 0.030

Position [m]

Fig. 22. Damage band width (in blue) and dissipated energy (in red) along the crack length. The branching is associated with a damage band width
of twice its initial value and a dissipation rate of 2G,. (For interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)

prior to each branching event. Although this effect may be less severe for moderate loading levels, it becomes increasingly problematic
under extreme loading or fragmentation scenarios, where it is considerably amplified, as illustrated in Figs. 3a-3d.

In contrast, the corresponding simulation with mass degradation (Fig. 21b) exhibits a much more localized process, with the
crack width remaining comparatively thin, aside from a slight widening observed before branching. The branching event itself is
considerably more contained, and its initiation point can be identified with substantially greater precision. It is worth noting that
the resulting branching pattern differs markedly from that obtained without mass degradation. Incidentally, a similar branching
pattern can also be achieved without mass degradation by imposing a smaller displacement, Au. In the non-degraded case, increasing
Au results in more chaotic branching and wider crack paths, whereas the mass-degraded formulation maintains a sharp, localized
fracture geometry. While the physical relevance of this altered pattern lies beyond the scope of the present study, the key observation is
that, when fragment identification is required, the mass-degraded formulation provides a more tractable and physically interpretable
fracture geometry.

Fig. 22 shows the evolution of the thickness w of the crack along its path, along with the evolution of the dissipation rate I,
calculated with Egs. (28) and (29), for the case of mass degradation. The damage width w is computed the same way as in Fig. 16,
but with a lower threshold of d = 0.01 to account for the whole width of the damage profile. The fracture energy and the crack width
typically increase prior to branching [60,61], and a critical point is reached when the crack thickness exceeds twice its initial size, i.e.
81, and when the dissipation rate reaches 2G, [55]. This remains true with mass degradation, but it is much more localized around the
point of branching. Initially, the crack thickness is close to 4/, consistently with the analytical prediction. It then gradually increases
along the propagation path, with a marked acceleration shortly before the branching event, at which point the thickness exceeds 81,.
Beyond this threshold, the measured value of w remains high, as the thickness of both branches is included in the computation and
no correction is applied for the propagation angle. The dissipation rate I" exhibits a similar structure. Starting near G, it increases
in two stages: a first rise corresponding to a widening of the crack, followed by a much sharper increase as the fracture begins to
branch, ultimately exceeding 2G,.
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These observations further demonstrate that preserving the wave velocity within the damaged zone is a key factor in limiting
the widening of the damage band, thereby yielding more interpretable results in highly dynamic scenarios such as fragmentation.
However, the intention is not to advocate the indiscriminate use of mass degradation as a universal remedy, as this approach introduces
its own set of limitations.

6. Conclusion

Our simulation results reveal that the interactions between elastic waves and damage play a central role in the formation and
growth of damage bands in phase-field modelling of dynamic fracture and fragmentation. In the standard phase-field formulation,
stiffness degradation reduces the wave speed in the damaged regions. We have illustrated for an idealized 1D setting that part of
the elastic waves are trapped in the damaged zones, which therefore do not behave appropriately as free boundaries. Crucially,
elastic waves interacting with the damaged zone can induce additional damage, even when no further energy is supplied. In higher
dimensions, for propagating cracks, the standard phase-field formulation leads to thick damage bands that dissipate energy above
G, and propagate at speeds slower than expected. All these problems are alleviated by preserving the wave speed through mass
degradation. Our results show that damage bands yield sharper wave reflections and more stable damage behaviour.

Remarkably, our simulation results show encouraging numerical evidence, for a wide range of crack velocities, of convergence
to Griffith and a well-defined fracture energy. For larger crack velocities, crack branching instabilities develop, and it is not yet
clear what triggers those instabilities. Branches obtained with mass degradation are sharper and consistent with previously reported
simulations results that show a dependence of branching on crack width and dissipation rate.

There are, however, several limitations to the mass-degradation approach, and we wish to stress that the primary aim of this paper
is to explain the crack widening phenomenon rather than promoting this method. First, degrading the mass evidently violates both
mass and energy conservation. In the experiment presented in Section 4.2, we have estimated the energy lost due to mass degradation
to be around 0.1% of the internal energy in the system, a value that is comparable to the numerical error due to the integration scheme.
In contrast, when more fractures are present, the amount of lost energy becomes non-negligible. It is the case, for instance, of the
fragmentation case presented in Figs. 3e-3h, this loss rises to around 7% of the total energy injected in the system. Although this
works against the use of this method, this aspect can be put into perspective with the amount of completely damaged material when
no degradation of mass is employed. This damaged material contribute to the conservation of energy by holding kinetic energy, yet
has no more physical effect on the rest of the system.

One of the other limitations of the implementation presented herein is its incompatibility with tension-compression energy splits:
restoring stiffness in compression without restoring the corresponding mass results in a wave speed that tends toward infinity, which
in turn leads to numerical instability in explicit time-integration schemes.

This problem could be resolved by introducing directional mass erosion, in which the degradation of inertia is linked to the
deformation modes obtained from the decomposition of the strain field. For example, when stiffness degradation in many phase-field
formulations is performed with respect to the eigenvalues and principal directions of the strain tensor (spectral split), a consistent
strategy is to degrade the mass density according to the same modes. To achieve this, the strain field at the integration points is
decomposed into its principal components, and the associated deformation modes are reconstructed at the nodal level by expressing
the nodal displacements as functions of the strains.

The resulting modal displacements indicate how each degree of freedom contributes to tensile or compressive deformation. Mass
degradation can then be applied only to the components associated with tensile modes by weighting the diagonal mass matrix
according to the relative contribution of these displacement modes. Consequently, inertia is degraded only in directions contributing
to tensile deformation, while compressive directions remain unaffected. Therefore, the assessment of directional mass degradation
will be addressed in a future contribution.

We emphasize that the main benefit of mass degradation is that it yields qualitatively cleaner and more interpretable fragmentation
patterns. We have argued that there are some experimental observations suggesting that wave speeds are preserved inside the process
zone, but this assumption may not hold for all materials. In cases where the process zone contains microcracks, crushed material,
or damaged fibres, the local microstructure may significantly alter wave propagation, and a constant wave speed may no longer be
physically justified.

Nevertheless, it remains a valuable tool, as it provides a simple and powerful numerical technique to circumvent the enlargement
of damage bands due to premature wave reflection within the damaged zones, provided that the influence of compression remains
negligible. This method has been successfully employed in previous dynamic phase-field fracture simulations [47,48].

Other strategies could also be explored. For instance, one may adjust the degradation function applied to the mass, seeking a
compromise that reduces the crack thickness while retaining some of the mass to limit the increase of wave speed when an energy
split is used. Higher-order formulations can improve dynamic simulations by reducing localization errors [40] and have been used to
model dynamic fragmentation [62]. In the current context, such models may not necessarily prevent the premature reflection of the
elastic wave in damaged zones. Nonetheless, it remains to be determined whether improved localization yields better control over the
widening of damage bands. Beyond elastic models, approaches based on plasticity offer an interesting alternative, particularly when
the elastic stiffness is not degraded [63,64]. In addition, the yield stress in such models provides a critical stress that is independent of
the regularization length, which helps conciliate the choice of a regularization length adapted to the desired resolution and a critical
stress corresponding to the material of interest.
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Appendix A. Damage sprawl with energy decomposition

As discussed in the conclusion of this work, mass erosion is incompatible with energy decomposition. Therefore, it was not
employed, ensuring consistency between the mass degradation and full mass scenarios. However, it should be noted that the issue of
damage band widening persists when an energy decomposition strategy is used. As an example, we present results obtained with a
volumetric-deviatoric split, as described in Eqs. 10 and 11.

Fig. A.23a illustrates the expansion of damage around the centre of the bar from Section 4.2, analogous to the results presented
in Fig. 11a. Although the sprawl of damage is more contained than in cases without energy decomposition, since the compressive
component of the strain energy does not contribute to damage evolution, an increase in damage is still observed as each wave arrives
and reflects at the centre of the bar.

The crack pattern obtained from the radially loaded square plate experiment (Fig. 2) is reported in Fig. A.23b, utilizing the same
volumetric-deviatoric energy decomposition. Here again, a similar increase in crack width is observed, resulting in a significant

portion of the geometry becoming damaged.

6 -4 -2 0 2 4 6 .
Position x/lp [—]
(a) (b)

Fig. A.23. (a) c-t diagram of the damage as a function of time and position around the centre of the bar with a volumetric-deviatoric energy split.
(b) Fragmentation pattern obtained with a volumetric-deviatoric energy decomposition at t = 70.7 ns.
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Appendix B. Convergence of wave reflection at a damaged boundary

This appendix presents the convergence analysis of the experiment from Section 4.1 as the regularization length /, decreases.
Using the base value of /, = 200 ym from Section 4.1 as a reference, the study evaluates regularization lengths of /,/2,1,/4 and ,/8.

Fig. B.24 displays the result without mass degradation, following the same format as Fig. 7. To facilitate direct comparison, the
horizontal scale for the position remains identical to that in Fig. 7. It is evident that the observed wave reflection converges toward
the reference result shown in Fig. 5.

For comparison, Fig. B.25 presents the same convergence test with mass degradation. In this case, the results are consistent across
all regularization lengths, indicating that the wave reflection is nearly independent of /.
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Fig. B.24. Wave reflection at a damaged boundary without mass degradation for decreasing values of /.
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