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Motivation

Why Modeling?

www.eFootage.com
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Experiment are expensive
Postprocessing is difficult
Dangerous

Difficult to design

BUT NECESSARY!!!!
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Stress intensity factor ¢ =T70GPa

Numerical example 6’ =5GPa Yy =0.21




Stress intensity factor

Near crack tip solution
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Stress intensity factor

Near crack tip solution 52 = 5GPa

£
a = 10 mm
K=o0)/ar
= 28.02 GPay/mm
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Stress intensity factor

N o
Pttt Ki=omaF(a), o=2a/W
B Uvnlsbelledimai F(a) — Jsec(na/z) -
Accuracy: 0.3% for o < 0.7
p—
|<—>|23 F(e) =140.128x — 0.288c2 + 1.52503
Accuracy: 0.5% for o < 0.7
al 0
kb1 1T F(a) = (1 =050+ 0.37a* — 0.044c%) /v/1—«
o Accuracy: 0.3% for any «
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Stress intensity factor

Near crack tip solution 52 = 5GPa

£
a = 10 mm
K=0'/ar F(a)
= 33.33GPay/mm
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Stress intensity factor

Near crack tip solution 52 = 5GPa
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Stress intensity factor
Near crack tip solution o, =5GPa
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Stress intensity factor

Near crack tip solution

y stress [GPal]
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Energy release rate

Basic concept

B
08{ 1 2 3
‘;‘% crack length
¢a+82)=- (a+Aa,P)—1(a,P) = AW (P)
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Energy release rate

Numerical example 6°=5GPa
Aa = 0.1 mm
a= 10—% = 9.95 mm
Results
AII = 1.508017
AW ., = 3.0160]
4= 10 mm G=1512-

K=0%/ar F(a)
0V _ [ GE _ /o
= 33.33 GPay/'mm K_\/(1—u2) —93.28Gka/mm |y




J-integral

Abaqus

Ji = f”’"’z_taxz

0

t=o0n

A= \/(1 v?)

Tutorial:

%
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CRACK CRACKFRONT CONTOURS
HAME NODE SET
1 2 3 4 5
H-0UTPUT-1_CRACK-1
-B- K1s 20,10 24,03 23,95 23,93 24,00
K23 -0,7783 2,3292e-02 3.5100E-02 -2,3945E-03 2,5224E-03
MERR DIRECTION (DEG): 5,148 0,000 0,000 0,000 0,000
J from Ksi 5,523 7.886 7,830 7,857 7,864

https://www.youtube.com/watch?v=ztrW-Gg5Qts ‘ ‘ ‘ ‘



https://www.youtube.com/watch?v=ztrW-Gg5Qts
https://www.youtube.com/watch?v=ztrW-Gg5Qts
https://www.youtube.com/watch?v=ztrW-Gg5Qts
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Project Tada et al. (1973)
P
1 1) Analytical verification
a) Displacement field
! b) Energy release rate

ﬂj‘r b c) Effect of initial crack-tip roundness
X —

S P
V2 - 72 s =40mm

0 = b2 b = Hmm
_ Ps P=2N
4 E = 300 GPa

Ki=o/maF(%) Y = 0.29 |



Project Tada et al. (1973)
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Project Tada et al. (1973)
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Project
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stress intensity factor - K
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Motivation

Length scale in failure

- concrete Shah & Swartz (1987)
I RN - com posites Bazant et al. (1996)
b AN STRENGTH OR YIELD
ul ~.  CRITERIOH LINEAR ELASTIC -  rocks BaZant et al. (2004)
S S FRICTURE
| f\ FECHHICS - ceramics Usami et al. (1986)
o fot L 4 .
2 - silica glass Luo et al. (2016)
L
2 - - wood Simon (2009)
E MOST EXISTING TESTS - SiC BaZant et al. (1990)
§ NOMNLINEAR .
FRACTURE - Sea Ice Dempsey et al. (1995)
MECHANICS .
L - - alumina Leguillon et al. (2018)
LOG (SIZE)
(Bazant et al., 1984) - efc...



Coupled criterion

Tension oIl Ta o
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Coupled criterion

Tension

250

Opening stress
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Coupled criterion

Tension

D N
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Normalized criterion
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Tension Molnar et al. (2020)
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Tension Size effect
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Project Tada et al. (1973)
P
1 1) Analytical verification
a) Displacement field
! b) Energy release rate

”—r b c) Effect of initial crack-tip roundness
a
L

1_ S —1 2) Coupled criterion
Pl P5 a) Incremental energy release rate

b) Stress distribution
c) Criterion verification
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Project
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Project

ACL — Gmc (ao + ACL)
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Coupled criterion

Matched asymptotic extension K. =1 12156%
T - .

5= 61
c=ki1 72 S
ﬁg Gim:ALa:O/tAaG(a)da,
o 11215°0°m (200 +Aa)(1 =)
inc 28

Enerqgy release rate ‘ ‘ ‘ .
29



Coupled criterion

Matched asymptotic extension

- 1.1215%037(2a0+ Aa)(1 —v?)
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Modelling techniques

Discrete models Discrete element models

O Split nodeTip node e Simple node

(=Y A ———

Molecular dynamics

Molnar & Barthel, 2026)

Cohesive zone

(Moés et al., 1999) model

(Kired et al., 2024)
\ 4
de 711 'y
mechanical ‘
crack tip

(Dugdale, 1960) . E—

(Barenblatt, 1962)



Modelling techniques

Phase-field
Diffuse models

Non-local

tensile stress

PeriDyn
(Silling, 2000)

. (Bourdin et al., 2000)
Thick level set

SPH

(Moés et al., 2011) ‘ ‘ ‘



Phase-field model

Phase-field approach L. M. Kachanov (1958)

continuum damage
mechanics

superconductivity 1
W= —(1 — d)g..C..klgkl
(Ginzburg & Landau, 1950) 2 g

diffuse interfaces

liquid—gas interfaces
i : - fr re mechani
with density (Cahn & Hilliard, 1958) acture mechanics
functions @ (Bourdin et al., 2000)
ln_tcrfac_c lntcrlfacc - SOIidification

van der Waals (~1900) . -j
- image processing (riy 19s3)
e x
e oo | (A
: AL
istance istance \\ N
J'X

i — T\ (Langer, 1986)
(N
D, il

Variable

Field variable




Phase-field model

Phase-field approach A
dy 0S

1. Brittle fracture =g (Griffith, 1920) | .
oa oOa ¢ (Bourdin et al., 2000)

2. Minimization problem

H(u,F) = jgw(g(u))dQ+ g IF dT  (Mumford & Shah, 1989)

(Francfort & Marigo, 1998)

crack energy
3. Crack energy density density

[(u,d)= [ g(d)w,(2(n))dQ+ [ E=(a(d)+1|Vd[ )dQ

Q
Ca) lc

(Ambrosio & Tortorelli, 1990)
. (Bourdin et al., 2000)
d=>0 (Amor et al., 2009)
(Miehe et al., 2010

)
c, = 4J’01‘/a)(s)ds ‘ ‘ ‘

[, -0 T converges



Phase-field model

Staggered solution Staggered scheme
1) displacement field u,= 0 U, un+l(1/_ln+l’dn)
_ u,
- l// _O l//n lr//,,,+ (un+ ’dn) 0
t=cm Displacement field 50’0 O O — >
d=0 d . d (H. =y ) d
0 n: i ontl ntl 0,n
2) history field Phase-field ' : >
Time t=0 t -
o [w@© ifwe > H,
H, otherwise,

Vd-n=0

3) phase field

il -



Phase-field model

Advantages Solving fracture mechanics problems with

. Partial Differential Equations (PDEs)
* No need for ad-hoc criteria: e

Initiation, propagation,
branching, coalescence

- 3D
* Physically sound

Disadvantages

damaged zone
« Fine mesh . (O0<d<1)

e

- Small time step ——— (0 = d)
undamaged zone

* Numerical H ‘



Phase-field model .

o(d)=d
Homogeneous solution AT1 c =8/3
g .
= [ 1+9(d)H |dQ .
ke | o(d)=d’
Vd =0  homogeneous AT2 - c =2
oIl _ g. dw(d) ag(d)H 0 \
od  c.l. dd ad
ag(d
H=%&C o(d)=(1—ay — 29D _ _5(1_g)
__2H

2IH + 1+y)(1—-2v
. ~ (1) M-



Phase-field model

Homogeneous solution

stress - o [-]

damage - d [-]

ock A S .

17 | RN J5-F. N N Fanansans R

024 ....... ...... ........ ,,,,,,,, ,,,,,,,,

strain - € [%]
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Phase-field model

Tension / compression

10,000 f

stress - o [MPa]
)]
o
S
S

o

~5,000 |

1.00

0.75

0.50
0.25

damage - d [-]

strain - € [%]

0
—010—005 0 0.05 0.10 015 020 025 0.30
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Phase-field model

1D non-homogeneous solution

_ g.
STI* =0 ¥od — 1%

Vd-n=0
d>0

(c) diffuse approximation

- B
¥ =@

Molnar et al. (2022)

~Ad)=0 in Q

{a) cracker 1D bar

on [’
in Q

{-— crack (cross section: /)

_._.e

..................................................... +.__

(b) sharp crack

X
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Phase-field model

Different errors (spatial)

Approximation error

4 damage (d)
+ 10

numerical
approximation

cIror

analytic
solution

Localization error

1.0 . ..
strain localization

with deformation

undeformed
solution

b
Dy
20!

Molnar et al. (2022)



Phase-field model

Different errors (spatial)

Approximation error [%]

Localization ermor [%]

Approximation error

{n}uppmximaljm.'lemrr--------:----------:- 0 AT2
AT2 | © ATI

. o | — fitwo AT
— fitwo AT2

(b} strain localization ermor

modells with
symmetry boundary
condition

' full models

C s function withea=2 "7 T

[
| 2 5 10 20
Finite element size L./ [-]

4

Localization error

A damage (d)
1.0 4 -

strain localization

with deformation

undeformed
solution

Molnar et al. (2022)



Phase-field model Molnar et al. (2022)

Different errors (spatial)

[ AT1 (,,=0.5mm) ' 5

(=]

S
\
\

Test correction

:

(a) Mode I: tensile opening

RN o =

)
T
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N\
\
R

S S SN RN
0 200 400 600 800 1000
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y : e : - [=aT1] .
Y. e [T ]
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Phase-field model

Different errors (spatial)

Test correction

(a) Mode I: tensile opening

RN o =

Griffith (1921,1924)

(zir;x
| gmal
g
NNV YV VYV _
Cwlc

Critical load - ayo-c [MPa]
ot — [\*)
o (¥, (=]

[

1@
(X

Molnar et al. (2022)
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S S SN RN
0 200 400 600 800 1000

Critical energy release rate - g. [J/m?]
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T 12 |
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Phase-field model

Different errors (spatial)

Test correction

(a) Mode I: tensile opening

STTTTTTIT

Griffith (1921,1924)

Critical load - af-ﬂ [MPa]

e
- 1.2
g
b"\
~ 10
S s
[
2 08
=]
=
2 06
‘B
Q

15¢F

10

2O
L

Molnar et al. (2022)
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20}
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0 200 400 600 800 1000
Critical energy release rate - g. [J/m?]
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with correction - :
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Phase-field model

Different errors (temporal)

reaction force - ' [kN]

1.2
1.1
1.0
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0.8
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0.000 0.002 0004 0006 0.008 0.010
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0.6 | 0.1 0.1
0.5 E |
0.4 N
03
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0.1 f
O 1 1
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Molnar & Gravouil (2017)
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Phase-field model Molnar et al. (2020)
Molnar et al. (2022)

Different errors (temporal)
H:{'/fo (2) if w,(e)>H, = d, =Arg {i%fjg[gcy(d,Vd)Jr(l—d)zH}dV}

H, otherwise
0.8 .
: l g 0.7} :
dH <dE™ &= dE™ === & "} g
CC{)C = ;;: I .
—_ ® 05-% | oy
< = | oy
% 1T ] S+ U SRS PR A S 04'_ ...................... : :I
E ) _5 O} - dE=500%|}]|1 :
E [ -,llL _.g O'SI‘_‘, .......... _.dE=200ufo,..:‘.El
.{123 L \ : : : L 02F A 5-—dE=100%~--|~-§{
§  OTOp i e o o1l A dE=10% ]
- : O : : ! : | — dE=1% P!
S O : : 0 . ] . | - T | FERA
E P T~ 6 _x:: 0 0.002 0.004 0.006 0.008
fﬂ T T TP Displacement [mm]
S 065
1000% 100% 10% 1%

Energy constraint - n [%] ‘ ‘ ‘
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Tension Molnar et al. (2020)

({4

Comparison
Size effect Correlation
0 (a) Mode I : 100 :
B I Griffith | Mode I tensile fracture — homogeneous solutions

. 30 4 I S : _ : ] A mode I simulation
& 2 <

= N =
;;..“- M |- B &

: ; | 8

E | °'b>a

E Griffith’s criterion | !

£ : coupled criterion (G,.) g

ST T1] S . coupled criterion (G) [*"""1"" [ <

& phase-field | .§
I l = :
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= 7 R e — 0 1 1 1
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2 03F-

3 :

g -

:.E : I.=0.2 mm
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Initial crack length - a [mm)] 51



Phase-field model

Examples

u=10.0453 mm u=10.0462 mm

Mode I+llI

Lazarus et al. (2008)

Modelsll -



77
i

Phase-field model

Examples
Thermal shock Bourdin et al. (2014)
T TTTITT S
e ’7 \ 1 f [ . Heterogenous materials
| \ mne - Nguyen et al. (2016)

: Hyperelastic fracture
Ductile fracture o) _

experiments

Tian et al. (2020) ‘ ‘ ‘ ‘
model predictions Ambati et al. (2015)
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Project Tada et al. (1973)
P
1 1) Analytical verification
a) Displacement field
! b) Energy release rate

”—r b c) Effect of initial crack-tip roundness
a
L

1_ S —1 2) Coupled criterion
Pl P5 a) Incremental energy release rate

b) Stress distribution

o= 6{5‘24 c) Criterion verification
_ Ps 3) Phase-field
4 a) Homogeneous solution

b) Fracture resistance

KI:O-\/EF(%) H‘
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