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Definition

The finite element method is based on
discretizing both the geometry and the function
space using appropriate basis functions.
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Steps

. Subdivision of a whole domain into simpler parts

. Discretization of the function space

Construction of the matrices associated with the elements

Assembly of the system of equations for the entire structure.

Solution of the system of equations

Calculation of the secondary variables (e.g. stresses)
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Subdivision

Accurate representation of complex geometry
What type of elemens?

7] Plate elements
&= Truss elements

@® Shared nodes
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Subdivision

Accurate representation of complex geometry
What type of elemens?
*  How many element?
 Where to have nodes?
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Function space

Choice of element type
« Shape functions
* Number of integration points
* Shape of the element (shear locking)

Quadratic
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2-D 3-node 2-D 4-node
triangle quadrilateral
2-D 6-node 2-D 8-node

triangle quadrilateral




Assembly

Global numbering

Sparse matrix

Kin 0 0 Ku 0 K
Ko 0 0 Ky 0
Ks; 0 0 K

Ky Kis K

Sym Kss K
K |

Band matrix

K, K, K; 0 0 0]
K22 K23 0 0 0
K Ky 0 0

Sym Kss K




Solution

Linearization

Ar—b=0

Numerical techniques

 Direct methods
« Gaussian elimination
LU decomposition
« Cholesky

* lterative methods
« Jacobi
 Gauss-Seidel
» Conjugate Gradient (CG)

8¢
I



Theoretical basis

Differential equation
(Strong form)

V-o+b=0

u=1 on I,

on=t%t onT,

e(u)=5(Vu+Vu)

o=Ce

second derivatives of displacement !!!

B
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Variotional formulation
(Weak form)

[ 60-(V-o(u)+b)dQ =0

\
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v
S

displacement
[\

u = argmin I[1(w + Sv) /|

u+dv



Theoretical basis

Variotional formulation
(Weak form)

[60-(V-a+b)dQ@=0
oV (V : 0') = V(o‘é‘fv) —o:Vou product rule

f[B’U'b+(V-(O‘8’l))—O‘:V8’U)]dQ =

f

fV-(Gav)dQ = f(o-&u)-nd]" Gauss—Ostrogradsky
Q 2Q

(divergence) theorem
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Theoretical basis

Variotional formulation . .
(Weak form) fV'(Gav)dQ - f(O'a’U) ndl’
- Q 20

f[c?'v-b-l-(V-(O‘Bv)—O‘:VBv)]dQ =

[ svbd@— [ 6:V60dQ+ [ 6v-(on)dl =0
0 Q T 2Q
G:V8v=a:e(6v)+mfv)=6:6(6@)

[svbdQ— [ 6:6(8v)dQ+ [ 8v-(anm)dl =0 I



Theoretical basis

Variotional formulation
(Weak form)

[svbdQ— [ 6:0edQ+ [ 8v-(am)dl =0
Q Q 0Q
oW —OW,, =0 virtual work
Wi = [ 6:6€dQ
Q

8Wm=f5'v-bd§2+ f&u-(an)df
" . |



Theoretical basis

Energy of the system (linear elasticity)

¢=fa:de=%e:©e U= fw(e(u))dﬂ
W= [u bdQ+ [w tdT=0 T(u)=0U(u)+We(u)

I(u) =5 [ &(w):C:e(u)dQ — We(u)

u = argmin IT(w)

il -



Theoretical basis
Energy of the system (linear elasticity)

u=argminH(w) w=u+0v

I1(u+dv) = 2] (4 06v):C:e (u+ Sv)dQ — W, (u + Sv)
e(u+0v)=e(u)+e(dv) smalldeformation

Ulu+6v) =5 [ €(u):C:e(w)dQ+ [ &(8v):C:e (w)dQ+

%jg; € (0v):C: & (0v)dQ
Wext (u + 6'0) — Wext (u) —I_ Wext (8’0) ‘ ‘ ‘



Theoretical basis

Energy of the system (linear elasticity)

IM(u+v) = fe('u, ):C:e(u)dQ —W..(u)

I (u)
—|—.£e(81)):@:8( )dQ — W o, (Sv)
5H(’£L;'U) =0

—I—%_/g; €(0v):C:e(dv)dQ
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Theoretical basis

Energy of the system (linear elasticity)

1 (w+80) 1 (w) =3 | €(6v):C:e (8v)dQ

M(w+dv)—I(uw) >0

IT(uw+Jov) > I (u)

u = argmin IT(w)
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Theoretical basis

Finite element approximation

w = argmin IT(w)

shape functions

wu(X)=NX)U < DOFs

(V) =3 U'KU-U'F

Residual
Tangent NN /

oll _ e
W_O — KU—F =0
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Implementation w = argmin IT(w)
4 !
Elementary matrices
F:Fert_Fint u(X):N(X)U
aU O - § O
Fi. = o:€(u(U))dQ T | 2
U = 302 f (w(U)) .
8U 2 feT(CedQ — &= 2(VU‘|‘VUT) 2
=V 'NU=BU U= Z
B=[ 0 35 0 —5-*. Uy
aéVS ws+ aévs Us ON, 3N, 3N, N, 0,
‘4 X 9y or oy or | H ‘
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Implementation 4= argmin I(w)
Elementary matrices 4, .3
F=F,—F,

FintzgtUJ aUQfGE( (U))dQ 1 fz: 2
8U 5 feT(CedQ . f;,,j
aU 5 f (BU) C(BU )dQ ';”

"

= [ B'C-(BU)dQ = [ B'6dQ
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Implementation w = argmin IT(w)

Elementary matrices

F.= [ B'6dQ
Q

o=Ce

o’U
oU*

K:
_ 82 ]. T _ T
K—ngf(BU) C(BU)dQ —QfB CBdQ
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Implementation

Numerical integration (Gauss-Legendre quadrature)

f f(&)dE = Zf(é Yw,+0

Table 2.1 Gaussian Guadrature Abscissae and Weights for ffl f&) d¢ =

Y fEpw
Order

n=1 1
n=2 1
2
n=3 1
2
3
n=4 1
2
3
4
n=>5 1
2
3
4
5

&
0
+1/4/3
—1/4/3
+4/0.6
0

-J08
+/(@+a)/7)
+/(@—a)/7)
—/(8—a)/7)
-J(@+a/7)
+vb

+4/C

0

—J/c

-vb

5]

2

1

1

5/9

8/9

5/9
0.5—1/(3a)
0.5+ 1/(3a)
05+ 1/(3a)
0.5-1/(3a)
((6c — 3)d/b) a=+1120
((83—5b)d/c) b=(70+ a)/126
2 —2(Wq1 + Wa) c=(70—-a)/126
((3—=5b)d/c) d=1/(15(c — b))
((6¢c —3)d/b)

dan
fEn

Example:

f(&)=E&"+

perfect integration of
polynome: 2n—1

52
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[le+§ +3)dé &

Zienkiewicz, Taylor & Fox:
The Finite Element Method for Solid and Structural Mechanics

+ 563 + SEL

= 6.3333



Implementation
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Numerical integration (Gauss-Legendre quadrature)

JRCYED WOMRC Y

Table 2.1 Gaussian Guadrature Abscissae and Weights for ffl f&) d¢ =

Y fEpw
Order

n=1 1
n=2 1
2
n=3 1
2
3
n=4 1
2
3
4
n=>5 1
2
3
4
5

&
0
+1/4/3
—1/4/3
+4/0.6
0

-J08
+/(@+a)/7)
+/(@—a)/7)
—/(8—a)/7)
-J(@+a/7)
+vb

+4/C

0

—J/c

-vb

w;

2

1

1

5/9

8/9

5/9
0.5—1/(3a)
0.5+ 1/(3a)
0.5+ 1/(3a)
0.5—1/(3a)
((5¢ —3)d/b)
(8 —5b)d/c)
2 —2(wq1 + wa)
((3 — 5b)d/c)
((6c —3)d/b)

a=+438
a=+1120

b= (70+ a)/126
c=(70—-a)/126
d=1/(15(c — b))

perfect integration of
polynome: 2n—1

52

Example:

f(&)=E&"+

;f(éj)wj =f(%) 1 -l-f(—%) 1
;= \/15;—\/% — 3.3501 +2.9742

Zienkiewicz, Taylor & Fox:
The Finite Element Method for Solid and Structural Mechanics




Implementation

»
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Numerical integration (Gauss-Legendre quadrature)

JRCYED WOMRC Y

Table 2.1 Gaussian Guadrature Abscissae and Weights for ffl f&) d¢ =

Y fEpw
Order

n=1 1
n=2 1
2
n=3 1
2
3
n=4 1
2
3
4
n=>5 1
2
3
4
5

&
0
+1/4/3
—1/4/3
+4/0.6
0

-J08
+/(@+a)/7)
+/(@—a)/7)
—/(8—a)/7)
-J(@+a/7)
+vb

+4/C

0

—J/c

-vb

w;

2

1

1

5/9

8/9

5/9
0.5—1/(3a)
0.5+ 1/(3a)
0.5+ 1/(3a)
0.5—1/(3a)
((5¢ —3)d/b)
(8 —5b)d/c)
2 —2(wq1 + wa)
((3 — 5b)d/c)
((6c —3)d/b)

a=+438
a=+1120

b= (70+ a)/126
c=(70—-a)/126
d=1/(15(c — b))

perfect integration of
polynome: 2n—1

52

Example:

f(&)=E&"+

Zf(‘f v, = (%) L= g ) 1
=T — 6.3333
w;,=1;1

Zienkiewicz, Taylor & Fox:
The Finite Element Method for Solid and Structural Mechanics

il -



Implementation

Shape functions

< 1 2

b
! N (&)
|

YN, @)

1
Ni(m) N2(&)

o

N, (&, 7)=N, (SN (17)

B
= O

u = argmin IT(w)

4 5 3
X X
X X
O O
1 2



Implementation

Shape functions

N =+5(1-&)(1-7)
N, =4(1+&)(1-7)
Ny=71(1+&)(1+7)

Ni=5(1-8)(1+7)

N (&, )=N, (&N (1)

2O
L

u = argmin IT(w)
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Implementation w = argmin IT(w)
4 !
Shape functions X X
2
! AN . ’_ 1 B 1 T X X
w4 . y 3 Y ‘1/§ \/1§ 1 ,
> & e o
3 3
R O R
h N N /3 /3
T Y 1 1
e /3 /3 |

il -



Implementation

Spatial derivatives

ON, 9N, 9& L 9N, 7
or 9& dx 9 O

SUZZTL:CEZ-N y=Z:yzNz
T
Z Li aé‘ o7

@zz’” d

—~ dN
:Zyi A

—~  JN,

1=1

1=1

[ Ox Oz |

< » Dy
- 2e

u = argmin IT(w)

Jacobien

o5 97
dy 9y

| 9& 97 |




< » Dy
L 2

Implementation w = argmin IT(w)
4 !
Spatial derivatives : . X X
or 9Y
ON, _ 9N, 9& L AN, 97 j—|9& 9¢ x X
or 9& dr 97 ox or 9Y ° °,
J = det(J)<— Integration point volume 9797
o6 97
J1= 8(5777) — dr Jx — 1 J 22 _Jm]
a(w,y) & 97 det(J) —Jau  Ju
| dy Iy |

VN = Ve NI

il -



Implementation

number of integration points

Assambly / F(GL:B) — F(ll,x)
T € — G . 1

f B"6dQ ZB G.J,w, Fo =

Fo = Fisa

K = f B"CBdQ = ZB,{ CB.J.w,
Q =l F(ng) — F(lz,x) +F(21,x)

4

2 o4 04 O

o¥ > 0¥ %O

1 3 0 i -



Implementation

Boundary conditions

2>c 4 ?6 > [ Neumann boundary conditions
(Fe.rt)(5,x):Fext[(5_1)'2+1]:Fext[g]:F
. (Fu)oy=Fu[l1]=F
> 5 5 »F (6,z)
X 3 5

Dirichlet boundary conditions
Simple method: I 1— 1010
P K°[1,1]=10
K%[2,2]=10"
K[3,3]= 107 I -




Implementation

Boundary conditions

2>c 4 ?6 > [ Neumann boundary conditions

c5 }F (Feﬁ)(G,;c): emt[]-]-] :F

O
Dirichlet boundary conditions S fflt—ZJeDKG[:,J]U[J]
Precise method: KG[:’J: =0 Fﬁt[ef] — —U[J]
UlJ]1=0[J] JeD K°[J,:]=0
K°[J,]=1 |m




Implementation
Solution
F=F,—F,
KU—-F=0
(U=K'F)
U = solve (K, F)

D
L
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Implementation
Convergence
f‘ 4 72 r3<e f[l /i /rf<6
B — [LL_ S /j [f—
rO=Af sul w2 r=Af Z
Su' \“—5y?
Ou¥=Au! Su=Au'
Au?
Au u & Au’ u




Implementation

Secondary variables

& = BU?
o =Ce
w=%ea

il -
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