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Mechanics of Deformable Solids
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Constitutive modelEquilibrium Compatibility
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Transformation

Initial config. Current config.
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angular velocity
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Deformation gradient
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Volume variation (example for two strains)
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source: Wiki
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Strain in 3D
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Requirement: under only rigid-body translation and/or rotation,

    strain tensor must be zero!
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Shear example
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Shear example
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Strain in 3D
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Rotation example
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ARE NECESSARY
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Constitutive modelEquilibrium Compatibility

small deformations

small rotations
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Theoretical basics
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Axial Shear
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Airy stress function
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Voight notation
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• Principal stresses (1, 2, 3)

• Hydrostatic stress / pressure

• Deviatoric stress / von Mises stress
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Stress - Invariants

25

• Principal stresses (1, 2, 3)

• Hydrostatic stress / pressure

• Deviatoric stress / von Mises stress

• Lode angle (   )
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31

A material model describes how a material responds to external influences.

In engineering:

• Optical material model: Light absorption and reflection.

• Electrical material model: Electrical conductivity, insulation, and   

       magnetization.

• Thermal material model: Thermal conductivity and insulation.

Mechanical Material Model

Describes how a material responds to mechanical loading 

and deformation.
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Phenomenological models (Macroscopic)
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• A material model is a set of equations that mathematically describes 

experimentally observed physical phenomena.

• Aim:  relating strains, derived from displacements, to the stresses 

developing within the material.

• To identify the appropriate conjugate pairs, we use the First Law of 

Thermodynamics (conservation of energy):

In an isolated system, regardless of the 

processes taking place within it, the

total energy remains constant.
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First Law of Thermodynamics
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In an isolated system, regardless of the 

processes taking place within it, the

total energy remains constant.
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First Law of Thermodynamics
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In an isolated system, regardless of the 

processes taking place within it, the

total energy remains constant.
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First Law of Thermodynamics
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divergence 

theorem
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Directionality of Processes
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• Second Law of Thermodynamics

• Mechanical processes through changes in entropy:

• Reversible processes — e.g. elastic deformation → entropy remains 

constant

• Irreversible processes — e.g. plastic deformation, damage, or 

fracture → entropy increases.

• Clausius–Duhem inequality:
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Second Law of Thermodynamics
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the total entropy of an isolated system, a 

measure of disorder or unusable energy, 

must always increase or remain 

constant over time
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1. Coordinate invariance 

2. History dependence 

3. Principle of locality 

4. Principle of simultaneity 

5. Material objectivity

6. Compatibility with the fundamental equations of physics
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Helmholtz free 

energy
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Elastic materials
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Elastic materials
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2nd path

1st path
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• Linear elastic materials

• Ridgidity is independent of deformation
isotrope
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• Linear elastic materials

• Ridgidity is independent of deformation
isotrope
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Plane strain vs Plane stress (2D)
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Dissipative models
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Plasticity Damage
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Ductile models
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Hydrostatic axis

−plane
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Ductile models

Associate vs non-associate models
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Hardening
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Isotropic Kinematic
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Damage models
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L. M. Kachanov (1958)

damage driving 

force

CRACK = SINGULARITYClausius - Duhem
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Plasticity
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Damage
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Energy / Stress / Rigidity
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= +

Damage
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Mechanics of deformable solids

• Compatibility

• Equilibrium

• Constitutive relations

• Energy conservation (LTD1)

• Increasing dissipation (LTD2)
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