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Mechanics of deformable solids
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Equilibrium

V-o=0

Mechanics of Deformable Solids

e N

Compatibility Constitutive model

e=G(u) oc=F(e)
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Compatibility
Kinematics
Y
¥ Transformation
O(X,t)
Initial config. @ Current config. xzd)(X,t)

u

u=x—X
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Compatibility

Kinematics

_____

r=®(X,t)

[33]: cos(tw) sin(tw) [X]
Y —sin(tw) cos(tw)|lY
@ angular velocity

r = Xcos(tw)+ Ysin(tw)
y = —Xsin(tw)+ Y cos(tw)
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Compatibility
Deformation gradient Y
A

F=—"3x ~ax~V®

[ Jdr OJr Ox 1
oX oY oZ V/
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Compatibility
Deformation gradient
- X X
r=X+Yk
y=Y mm) F=
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Compatibility
Strain
A= LLO strech

— L—L, — AL engineering
Ly L (small) strain
L

_ de _ (L) In(A) real deforamtion

L L I (Hencky strain)

e =ln(—)= ln(l-l— LEOLO)=II1(1 + &)




Compatibility
source: Wiki

Volume variation (example for two strains) Pz =
V-V, _AV (]

Ey = VO 0 — VO :€m+€y+62 |
V=[L(1-¢)] —e.=¢,=¢€.=¢ | i

engineering (small) strain Hencky strain
e=107 e=0.1 e=In(1+e&)=0.0953
— V=1.3310
V'=1003 _ ey = log(VL) = 0.2809
e, = 0.003 ey =0.3310 0
€. +e,+e,=0003 ¢&.te,te. =03 e.te,+e, =0.2809



Compatibility

Strain in 3D

Requirement: under only rigid-body translation and/or rotation,
strain tensor must be zero!

o

S

[ Vu+(Vu)']

| Vu—(Vu)'|

F"+F|

F'—F

X
I

il -



Compatibility

Strain in 3D
Shear example

e=5[Vu+(Va)"

® =4[ Vu—(Vu)"
1 k0

F=|010]|] &=
00 1

F'+F

F'—F
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Compatibility

Strain in 3D
Shear example

e=5[Vu+(Va)"

® =4[ Vu—(Vu)"
1 /2 0

F=[k/2 1 0
0 0 1

F'—F

F"+F|-1

[ L1
I

k2
0 0 0]
w=|000
10 0 0.



Compatibility

Strain in 3D
Rotation example

F=—73x =3x~-'®

r = Xcos(tw)+ Ysin(tw)
y = —Xsin(tw)+ Y cos(tw)
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Compatibility

Strain in 3D
Rotation example

F =

| cos(tw) sin(tw) 0
—sin(tw) cos(tw) 0

0 0 1]

LARGE DEFORMATIONS
ARE NECESSARY

—1.2929 0 0]
0 —1.2929 0

0 0 0

0
0.7071
0

N
LEERN

N —

N
S
S
N
S

=

—0.7071 0]

0
0

0

0

[ L1
I

= (.7854



Content

Equilibrium

V-o=0

Mechanics of Deformable Solids

e N

Compatibility Constitutive model

82%[Vu—l—(Vu)T] c=F(e)

small deformations

small rotations



Equilibrium 5 [N]

Stress




Theoretical basics

Stress
Axial F
E = % <e.
Al T °
Wil g
AS
}?‘l O'==fz<:0}

Shear
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Equilibrium

Stress — Tensor

dy y
> M= +m
+Gyd$@ deCT
W

+7,,dydr — T . dxdy = 0

T dydr = T dxdy
Toy = Ty
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Equilibrium

Stress — Tensor

O‘_q;; z‘_ry z.g;z
z-:):y Gy T'yz

G‘:

=Q

o, 0 O
0 o, O
0 0 o3

QT
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Equilibrium
Stress — Tensor
Eigenvalues:
det(6—0.0)=0 l
det(a—m-I)=det([_0i Eoy D 7y
Tw —O0;

det(c—0.I)=(—0)(—0:)—TsToy =0 ™

0 = Tay

6 = 01 0]: Tn 0 ]

0 o, 0 —z,
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Equilibrium

source: Wikipedia

Stress — Tensor

nZ[l/ﬁ 1| - L "
%| 1/V2 i
> 0 l—» .
o T
t=on= [0 fxy[l/f] [rxy/f on |
., 01/V2] lz./V2]




Equilibrium

Airy stress function




Equilibrium
Voight notation -
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Equilibrium 5 [N]

Stress - Invariants

« Principal stresses (o, 03, 03)

1 1 t Gz+dy+dz 1+ +
« Hydrostatic stress / pressure GH=§= T(36) = 3 =0 %2 0s _ —p

» Deviatoric stress / von Mises stress

_ _ /1 . 2 . 2 . 2 _Ow
aD—\/jg—\/fs[(ar o,)+(c.—0.V+(0, Gz)+6(fﬁy+fﬁz+fi)]—\/§

O-D=\/%[(0-1_02)2+(01_63)2+(02_63)2]



Equilibrium [ N ]
0.
Stress - Invariants

« Principal stresses (o, 03, 03)

1 1 t Gz+dy+dz 1+ +
« Hydrostatic stress / pressure GH=§= T(36) = 3 =0 %2 0s _ —p

» Deviatoric stress / von Mises stress

_ _ /1 . 2 . 2 . 2 _Ow
aD—\/jg—\/fs[(ar o,)+(c.—0.V+(0, Gz)+6(fﬁy+fﬁz+fi)]—\/§

5=\ §1(0.~ 0y +(0: =0y +(0-071= [ Fot =0, ] = %
* Lode angle (9)

cos(3(9)=§!}3]j2 H ‘




Equilibrium

Stress - Failure criteria

Rankine

A

(0X
’ failed

elastic

fle,0.)=0,—0.<0
0.:<0,

f(o,0.)<0

von Mises

fle,0.)=1/3],—06.<0

G'UM < Gc

-0

:f(O',O'c)=\/jz—c+tan(¢)Il <0
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e=5Vut(Vu)]  o=F(e)
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Constitutive equations

Material models

A material model describes how a material responds to external influences.

In_engineering:
« Optical material model: Light absorption and reflection.

« Electrical material model: Electrical conductivity, insulation, and
magnetization.

« Thermal material model: Thermal conductivity and insulation.

Mechanical Material Model

Describes how a material responds to mechanical loading
and deformation.

il -



Constitutive equations

Phenomenological models (Macroscopic)

« A material model is a set of equations that mathematically describes
experimentally observed physical phenomena.

« Aim: relating strains, derived from displacements, to the stresses
developing within the material.

« To identify the appropriate conjugate pairs, we use the First Law of
Thermodynamics (conservation of energy):

In an isolated system, regardless of the
processes taking place within it, the
total energy remains constant.

il -



Constitutive equations

First Law of Thermodynamics In an isolated system, regardless of the
] o1 processes taking place within it, the
L[] = o total energy remains constant.
Kinetic External power
K+U=P+Q
Internal Heat

K= %J‘O’v’vdV K [J] v[%] p[%]

Kinetic energy  velocity mass density

J

v H

U= f ocd U 1] ¢ |3
internal energy  energy (mass) density H ‘



Constitutive equations

First Law of Thermodynamics

- _ o]
U="3

In an isolated system, regardless of the
processes taking place within it, the
total energy remains constant.

Kinetic External power

K+U=

Internal

P=ft-vdA-I—fb-'vdV P

P+Q
Heat

5]t ] o o]

external power  surface volume
forces forces
= — - ndA + rdV J J [J ]
o=—[anasfov o 1] o [[2e] + [
heat heat flux

heat source ‘ ‘ ‘
vector
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Constitutive equations K+U=P+Q
First Law of Thermodynamics
2(pdv)=0

3 [ 500 v+ 0G0 v)|av =

v

K 1

f[p(’i)-v-l-v-'i))]dV

2
V-(AT’U,): VA u+A:Vu
= f[pv-qb]dV= f[’v‘(V‘O""b)]dV

P’bzpalV-aer :J[V'(a'”)_m?“b'v]dV

O‘:V'v=0':é-|-o/‘:4) H ‘
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Constitutive equations K+U=P+Q

First Law of Thermodynamics fA -ndA = f V-AdV
|4

atfp cdV = f[ tc-l—pc]dV=fpédV Afu-ndA=fV-udV

pP= fa " vdA+fb vdV = f V-(g-v)+b-v]dy  dvergence

theorem

Q=-— fq ndA+fp'rdV f—Vq+p'r]dV
[loe+Vq—pr—6:Vw]dv=0 —> co=0c:é+por—V-gq

il -



Constitutive equations

Directionality of Processes

« Second Law of Thermodynamics

* Mechanical processes through changes in entropy:

* Reversible processes — e.g. elastic deformation — entropy remains
constant

* lIrreversible processes — e.g. plastic deformation, damage, or
fracture — entropy increases.

* Clausius—Duhem inequality: A =9,—5,> f %dt [%]

il -



Constitutive equations

Second Law of Thermodynamics the total entropy of an isolated system, a
measure of disorder or unusable energy,
must always increase or remain
constant over time

53 fomv- (8ol 1 [4]

[lon+v(&)-C"lav=0—s on+v(L)-T =0

07) — %?: %Vq 1112(1 VT>0—_"”"%’{+%V‘1>O
?

q-VT <0 i -



Constitutive equations

Criteria
1. Coordinate invariance
r=Q r+
2. History dependence ’ f
cC —¢C
3. Principle of localit ,
4. Principle of simultaneity c=Q o QT
5. Material objectivity F'=Q F
6. Compatibility with the fundamental equations of physics

il -



Constitutive equations

Compatibility with the fundamental equations of physics

co=o.E€t+tpr—V-q . o l/lzp(C—UT)
c:&=p(¢—5T)
07T = pr—V-q v =v(X,eTVT,..)

% = o0(¢—9T —7nT) Helmholtz free

energy

c:é—y+onT >0

. [V oe Y oT , Y BVT] - _ 9y

o~ at tara tovr a |~e1T=0 973
d d d

(0~ 5e be+(-on—5p )19 v =0

il -



Constitutive equations

Postulate of Drucker Elastic materials
9] 8) O
- O 0— O
/ / € £
2 s
> & > £ / > &
(a) (b) (c)
G (€<0, 6>0) gTé >0
A
T
° 0" (é€—¢,)=0

(d) B () o H‘



Constitutive equations

Postulate of Drucker Elastic materials
90 R ( o’y )
A ~ 2 \T 2
o oe €~ deode & € o'ez0= dede & ¢ = (Ce)e
(Y W Y o’y o’y 'y
ol 0€,0€, O0E,0E, 0E,0Y, O0E,0Y. O0E,IY,
9’ w
o€,
o’y
_ o€’
C= 9%y
a?’wy
a?
sym 872

o7 il -



Constitutive equations

Symmetry
(e1,0) (ei,e3) Ei
ah = f (0.de,+0,de,)+ f (0'1d€1+0'2d€2)<_77::f0id6i
(0,0) (&7,0) 0
Er A
0] C C & £ %
Ci2 # Cx [ 1]:[ N 12" 1] (0,63) 2nd path (51;52)
02 Ca1 Cxnll&, - ———p————9
|
A + 1st path
|
» ¢

(0,0) (e1,0) €



Constitutive equations

Symmetry 161] [Cu C12"€1]

(£1,0) (e1,e3) 0 Co1 Cxnll&y
71'(1): f (Gld€1+02d62)+ f (G1d81+02d€2)

(00) (e3,0)

2 € A
n(”—f01161d61+f(02161+c2262)d62

’ (0, 62).___2_nipith___$(6:,6;)
77(1):%(311(81‘)24‘0215;5;"'%(322(8;)2 |

A + 1st path

7= 5011(81)2"‘0126162"‘ %(322(82)2 > l

if Cu# cn = 1V # 1" (0,0) (e,0) &



Constitutive equations

Hooke’s law

 Linear elastic materials

* Ridgidity is independent of deformation

isotrope
] ] (1—v v v 0
Cii Ci2 Ciz3 Cis Ci5 Cis v 1—-v v 0
Co2 Ca3 Cas Co5 Co 1% v 1-v . 02
_ — )
C33 C3s C35 Cs3s C=cl 0 0 0 2
C =
Cu Cs5 Cup 0 0 0 0
sym Css Csé 0 0 0 0
Ces 1 (o )

T (1+y)1-2v)

| {1
I




Constitutive equations

Hooke’s law

 Linear elastic materials

* Ridgidity is independent of deformation

20+ A

C11

Ci2
C22

sym

Ci3
Ca3
C33

C14
C24
C34
Cua4q

Cis
Cas
Css
Cs5
Css

016-

C26
C36
Cu6
Cs6

Cee -

O O O oy

isotrope

T

21

O O O X

A

o,

OOO_I_

8¢
I

O OR © OO

OR © O O O
W OO0 o o O
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Constitutive equations

Hooke’s law

 Linear elastic materials

* Ridgidity is independent of deformation

(Cii Ciz2 Ci3 Cu
C22 Ca23 Cuu
C= C33 C34
Cua4q
sym

Cis
Cas
Css
Cs5
Css

016-

C26
C36
Cu6
Cs6

Cee -

isotrope

Y = ;ﬂe? wL%tr(e)2



Constitutive equations

Plane strain vs Plane stress (2D)

" 1=y vy
CEaea-wy| vt
0 0

1 v O
CG:]-_EYQ 1 O =}>Ez

v 1—Vy

00 )

— 0,=Vv(0,+0,)

il -



Constitutive equations

Dissipative models

O O
A

> & > &
Plasticity Damage ‘ ‘ ‘ ‘



Constitutive equations

Ductile models

fle,0.)=y/3],—06.<0

GvM < Gc

Bl(oc.s)




Constitutive equations

Ductile models

Associate vs non-associate models f=t—fo g=71
de? . T
v f=0 de;
L I g=0~———— g P—-
Y
ffffffff — [ g | _
_ 3v . — 43|90 | — ;35[0
oT
il -




Constitutive equations

Hardening

fle)—o.(a)=0

Isotropic

=@

der

Kinematic

il -



Constitutive equations

L. M. Kach 1958
Damage models achanov (1958)

=3(1-D)erCe
7) = gTé— l,b > ()  Clausius - Duhem CR/ 2K=5 'GULA ITY
o idd D = ()

0TE~9g €D
o damage driving f(e,Y,D)=0

force
_ oy oY ;Y _ f
g—g —a—DDZO Y = aD dD = —d/1



Constitutive equations

stress - o [Pa]

Plasticity

Istrain- e[-]
o=¢e*C
g=¢g?+¢e?

stress - o [Pa]

C(1—a)
strain - € [-]
oc=¢eC(l1—d)
d :f(sao-alﬁa'")



Constitutive equations

Energy / Stress / Rigidity Damage

weact = ]ﬁel + wdiss

stress - o [Pa]
stress - o [Pa]

strain - € [-] ( ) strain - € [-]
o(l—d 26 ) 2
Ya= o‘g:el - %C(Ed)Q Vs = Y :fgépldt Va= 2 - %(1 —d)yC(e”)

=gt wa=[oeu |




Conclusion
Mechanics of deformable solids
« Compatibility VXF =0
+ Equilibrium pa=V-0+b
« Constitutive relations

« Energy conservation (LTD1)

 Increasing dissipation (LTD2)

K+U=P+Q

7=ocre—y >0

8¢
I

il -
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