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a b s t r a c t

This study deals with a statistically defined mechanical effect of the inhomogeneities
remaining in structural glass plates after the manufacturing by floating process. Our goal
was to define a stress limit that will not be exceeded with a 95% probability. We used
Monte Carlo simulation to calculate the stress peaks that appear in structural glass.

First we made micro-CT images of the inhomogeneities to describe the precise geometry.
Then we used analytical Eshelby solution and finite element method to calculate the stress
fields around an ellipsoidal inclusion. Knowing the statistical distribution of the inhomoge-
neities we built a MATLAB simulation, which was used to calculate the factoring coeffi-
cient, representing statistically relevant stress peaks. With this model we were able to
define a size effect coefficient allowing us to propose simple guidelines to minimise the
effect of the remaining defects.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

In float glass manufacture the appearance of inhomoge-
neities – such as voids or rigid inclusions, optical defects –
cannot be avoided. Also the defects could dramatically re-
duce the quality grade of the product. Float glass is known
to have micro-inhomogeneities due to its amorphous
molecular structure (Benedetti et al., 1994). In the present
study we focus on the mechanical effect of the mesoscopic
defects. During the past decades the inspection of these
mesoscopic defects was done by human-eyes. Nowadays
manufacturing factories use online defect inspection
systems (Peng et al., 2008; Jin et al., 2011). Using machine
vision should make the quality control reliable and accu-
rate. The 2D optical classification of the inhomogeneities
is presented in Liu et al. (2011) and Peng et al. (2011).
We note that these authors did not use a mechanical ap-
proach to compute the effect of the remaining defects.
Therefore to use glass as a structural material confidently

we have to calculate the exact mechanical effect of the
inhomogeneities.

The aim of the present study was to investigate the ef-
fect of the mesoscopic defects on the effective strength
properties of the structural glass. There are only a few
inhomogeneities in structural glass plate, so we can ne-
glect the reciprocal mechanical effect. Therefore our analy-
sis aimed to statistically define a stress limit (using
numerical simulation) which will not be exceeded with
95% probability. We could use the coefficient to multiply
the applied load in a design standard (effect side in Euro-
code) without taking into account the strength (resistance
side) of the glass. With the help of the defined indicator
coefficient we would like to suggest simple design guide-
lines, which are capable of minimising the mechanical ef-
fect of the defects in glass.

In a previous study (Molnár et al., 2012) we examined
the mesoscopic material structure of glass. We divided a
glass plate into regions as the external surface, the edge
and the glass volume itself. We found that originally the
edge has the major stress generating factor, the largest
stress peaks were found on a grinded edge, but if we polish
the edge, the already existing inside inclusions could
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present the largest mechanical errors in the material.
According to micro-CT scans we have considered the inside
surface of the voids perfect, free from environmental
corrosion.

To reach our goal first we needed the exact 3D geome-
try of the voids (bubbles) and the rigid stones. We carried
out micro computed tomography (micro-CT) scans to
determine the shape and the size of the defects followed
by optical microscopy to collect statistical information
about the density function of the radii ratio of the spheroid
voids.

With the geometrical data we built finite element mod-
els, which were used to compute the stress distribution
around a single inclusion in the glass in real environment.
Then we used an equivalent inclusion method programed
by Meng et al. (2011). After the comparison we were able
to perform the statistical analysis of the inclusions.

Throughout this report we shall refer to soda-lime-silica
as glass. We limited our investigation to nominally 4 mm
thick glass plates.

2. Stress distribution around ellipsoidal inclusions

According to Bartuška et al. (2001) we could distinguish
three types of defects, the gaseous inhomogeneities (bub-
bles), crystalline inclusions (stones) and glassy inhomoge-
neities (cords).

The ASTM (American Society for Testing and Materials)
defines the cords as glassy (not crystalline) inclusion with
optical properties differing from the base (surrounding)
glass. These defects have the same density as the base
glass, so they did not show up on the micro-CT scans at
all. According to our statistical information less than 5%
of the remaining defects were cords, therefore further on
we are not going to deal with the glassy inhomogeneities
in the present study.

Crystalline inclusions are imperfectly melted material
compounds, so they had only a slightly different density
than glass (Fig. 1). These inclusions have different mechan-
ical properties (due to the different molecular structures
they are not amorphous), different thermal expansion
coefficient, and almost no light transmittance ability.

Bubbles could be generated by various sources, as the
decomposition of raw materials, nucleation growth,

chemical, electrochemical and mechanical reactions. In
the manufacturing process bubbles play a double role.
Their effect is mostly favourable, because they promote
the conversion of molten glass in early stages of glass melt-
ing, but the remaining bubbles represent an unacceptable,
stress concentrating defect in the product. (Bartuška et al.,
2001)

The micro-CT images were made by Csaba Dobó-Nagy
PhD in the laboratory of Department of Oral Diagnostics
on Semmelweis University. We used Skyscan 1172 mi-
cro-CT to describe the geometry of the inhomogeneities
in the glass. We made CT images from six bubbles and
one stone. You can see bubbles in different sizes in Fig. 2.
The figure shows that these defects appear in different
sizes and slightly different shapes.

The bubbles were easy to recognise (Fig. 3) because
they had no X-ray attenuation value.

According to the optical and micro-CT images we could
conclude that the voids in glass have a prolate spheroid
shape, and the rigid stones could be approximated with
an oblate spheroid. During the statistical analysis per-
formed on the defect distribution we have shown that
the micro-CT measurable inhomogeneity medium in glass
contains more than 99% bubbles and less than 1% stones.
Therefore in the following we will deal only with the void
type inhomogeneities, with the so-called bubbles. We have
neglected during the mechanical analysis that the opened
bubbles very close to the surface has a different mechani-
cal behaviour than the ones inside.

The bubble’s larger radius was always parallel with the
drawing direction; and according to the micro-CT scans we
found that it is also parallel with the glass surface. This
phenomenon could be explained by the manufacturing
procedure. At the temperature of 1600 �C glass melt, the
bubbles have a perfect sphere shape (Bartuška et al.,
2001), by cooling and drawing the melt into plane, these
voids are getting also stretched in one direction. By
decreasing the viscosity of the glass melt the bubbles could
not form back into their original stable form. When the
glass is finally solid, the inhomogeneities have a prolate
spheroid shape with the larger radius parallel to the draw-
ing direction.

First we would like to present an analytical method,
which could be used to determine the stress field around

Fig. 1. FEM geometry of a batch using lCT (Molnár et al., 2012).
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an ellipsoidal inhomogeneity based on Eshelby’s original
solution (Eshelby, 1957). We have compared the analytical
results with a finite element model to determine that the
infinite space – used for analytic solution – has any effect
on the stress distribution in the real structural element.
In addition, we wanted to decide which method is more
accurate and which one needs less computational time.
The comparison will be presented later on.

2.1. Eshelby based equivalent inclusion method

In the numerical strength analysis of glass it is impor-
tant to take into account the mechanical effects of voids
originated from different manufacturing process. In our
calculations we applied the well-known Eshelby solution
(Eshelby 1957, 1959, 1961) to determine the stress and
strain concentrations around these inhomogeneities.

In the following section we would like to summarise the
idea of the solution, the main theoretical steps could be
found in Appendix.

The original Eshelby (Eshelby, 1957) solution was
solved on a homogeneous material with an initial stress
state (so-called inclusion problem). But in our case we
have a void (an inhomogeneous subdomain) in a homoge-
neous glass matrix (D). Therefore we have to use a so-
called equivalent inclusion method.

To calculate the effect of the inhomogeneity we will de-
fine an equalling arbitrary eigenstrain, which could be
used in the original Eshelby’s solution to describe the
stress field caused by the inhomogeneity.

First we have to calculate the fictional eigenstrain,
which describes the effect of the inhomogeneity. We will
start with the initial condition, that in the inclusion (sub-
domain X) the stress has to be equal in the original prob-
lem and in the fictional, Eshelby’s problem.

To calculate the strain and the stress peak values, we
could use the following equations:

êij ¼ e1ij þ Sijkle��kl ;

r̂ij ¼ r1ij þ CijklðSklmne��mn � e��kl Þ in X;

êijðxÞ ¼ e1ij þ DijklðxÞe��kl ;

r̂ijðxÞ ¼ r1ij þ CijklDklmnðxÞe��mn for x 2 D�X:

where êij and r̂ij are the calculated strain and stress values,
Sijkl is the Eshelby’s tensor, e1ij and r1ij are the strain and
stress in the infinity, e��kl is the initial eigenstrains, Cijkl is
the elastic moduli of the matrix, Dijkl is a modifier matrix
for the exterior points. More details could be found in
Appendix.

We will use a MATLAB program made by Meng et al.
(2011) to calculate the stress field around the
inhomogeneity.

In the following section we would like to prove that the
analytical solution which uses an infinite space could be
used for the present problem. We were searching for ana-
lytical methods, because they have much less computa-
tional time than numerical ones, but for verification
porpoises we used finite element results.

Fig. 2. Bubbles in glass (optical images) (Molnár et al., 2012).

Fig. 3. Building FEM geometry of a bubble using lCT (Molnár et al., 2012).
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2.2. Numerical model

We built a small (5 � 5 � 4 mm) size cube and placed
the inhomogeneity according to the micro-CT image
(Fig. 4). We have modelled the precise effect of the void
in a glass plate, but we reduced the number of finite
elements.

We used uniform stress boundaries: unidirectional ten-
sions – perpendicular (x direction) and parallel (y direc-
tion) to the spheroid) – and xy direction shear. So we
could reconstruct a point’s stress state of a Kirchhoff-Love
plate in a smaller, mesoscopic model.

Let us consider a medium size air inclusion – a spheroi-
dal void in the glass – with a 2:1 radii ratio. In Fig. 5 we
could see that a small bubble in the material could cause
a serious problem if the tension is perpendicular to the
principal major axis (y) of the spheroid.

In every case the largest stress peak appeared in the fur-
thest point in the perpendicular direction to the unidirec-
tional tension.

The maximal tension stress value was independent
from the spheroid’s size, only the ration between the larger
and the smaller radii had effect on the peak’s size. We did a
parametric study aimed on the maximal stress value
around the prolate spheroid Fig. 6 we can see that accord-
ing to the numerical tests, the stress peak could be approx-
imated very well with a hyperbolic function.

During the xy directional shear test, as a result, we
found that there were only sxy, and no other stress compo-
nents appeared. The maximal shear peak was in Point 3 in
every case. In Point 1 and 2 directly next to the void, no
shear stress appeared. (Fig. 7)

Based on the numerical tests, we could state that the
inhomogeneities generate a great stress peak in the glass,
so we need to define the effect of these errors on the mac-
roscopic mechanical behaviour of a structural glass plate.
Therefore we need the statistical distribution of these

inhomogeneities. With the information about the position,
and the quantity we could perform defect analysis using
statistical methods.

With the analysis we are able to determine the mechan-
ical effect of the inclusions in structural glass. We will be
able to describe a size effect coefficient which refers to
the errors not on the surface but in the glass inner struc-
ture. It is relevant because structural glass is used in tem-
pered form, so a special tension stress distribution appears
inside the glasse’s volume.

With the calculated data we can prevent premature fail-
ure and the production process could be improved.

But the numerical models are time and resource con-
suming methods. So if we want to do a statistical calcula-
tion, we need a fast, time-effective analytical solution for
the analysis.

In the next section we would like to introduce an Eshel-
by based equivalent inclusion method, which is capable of
defining the stress distribution around an ellipsoidal inho-
mogeneity in an infinite space.

After these introductions we will compare the numeri-
cal and analytical solutions, to decide if we can use the
Eshelby-method in our case or not.

2.3. Comparison between numerical and analytical solutions

The aim of the analysis is to calculate the stress rising
effect of an ellipsoidal inhomogeneity. To compare the
two methods we used a spheroid with an a1 = 1 mm, and
an a2 = a3 = 0.5 mm radii. We could divide the comparison
into three major sections like the three simple stress state:

– unidirectional tension perpendicular (rx) or,
– parallel (ry) to the spheroid’s larger axis,
– and shear stress (sxy) in the xy plane.

Fig. 4. Finite element model built on inclusions.
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In each case the homogeneous stress boundary was
100 MPa. We can see the comparison in Table 1 and the
major stress-peak diagrams in Fig. 8.

Between the maximum of the major stress peaks – x
direction tension rx (Point 2), and y direction tension ry

(Point 1) – there is less than 2.21% difference. Where
the stress should be zero (x direction tension rx at Point
1) the numerical solution converges to the analytical

value by increasing the finite element mesh density
(Fig. 9).

Comparing the numerical and analytical solutions we
observed a good match, therefore the analytical method
could be used to calculate the stress field around a defect
in a structural glass plate. The Eshelby method needs less
computational time and has more accuracy than the
numerical solution, so conclude that the Eshelby based

Fig. 5. Stress distribution around a prolate spheroid.

Fig. 6. Stress peak caused by the spheroid in the function of the radii ration.

G. Molnár, I. Bojtár / Mechanics of Materials 59 (2013) 1–13 5
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analytical solution should be used in the further statistical
process.

3. Inhomogeneity distribution

As we mentioned in the introduction our goal was
to calculate a parameter which takes into account
mechanically the randomly formed (during the manu-

facturing process) inhomogeneities in the structural
glass plate.

We have received the statistical information from a
Hungarian float-glass manufacturing company (Guardian
Hungary Co. Ltd). During the discussion we will only pres-
ent the theoretical models and equations of the analysis,
but the exact input parameters will be treated as proprie-
tary. Only the results of the analysis will be quantified.

Fig. 7. Shear stress peak caused by the spheroidal inhomogeneity.

Table 1
Comparison of analytical and numerical results.

Load Stress Point 1 Point 2 Point 3

Analytical
(MPa)

Numerical
(MPa)

Analytical
(MPa)

Numerical
(MPa)

Analytical
(MPa)

Numerical
(MPa)

x Direction tension
(100 MPa)

x 0.00 �1.49 238.32 243.71 244.09 244.94
y �49.35 �49.30 0.00 0.55 19.71 20.31
z �69.81 �68.34 �6.53 �5.88 0.00 0.33

y Direction tension
(100 MPa)

x 0.00 0.15 �43.57 �44.76 �2.74 �2.70
y 142.04 142.01 0.00 �1.02 142.04 142.13
z �2.74 �2.76 �43.57 �44.89 0.00 0.03

xy Direction shear
(100 MPa)

xy 0.00 1.50 0.00 1.53 187.50 186.26

Fig. 8. Comparison of analytic and numerical solutions – major stress peaks (x direction tension – rx (y grid); y direction tension – ry (x grid)).

6 G. Molnár, I. Bojtár / Mechanics of Materials 59 (2013) 1–13
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We have received the data stream of the position, the
quantity and the type of all the optical defects. We used
a Visual Basic script to evaluate the information and con-
struct the necessary probability density functions. The
optical size classification was not relevant to use in a
mechanical analysis, so we have used optical microscopy
to determine the radii ratio density function of the bubbles.
We measured 63 specimens during the analysis. All the
measured bubbles were optically allowed in an architec-
tural glass.

We assumed that we have four probability density
functions, three of the functions related to the spatial posi-
tion of the inhomogeneity, and one is related to the radii
ratio of the spheroids.

Fig. 10 shows the theoretical probability density func-
tions of the defects.

We have approximated the functions in Fig. 10 as
follows:

f1ðxÞ ¼
1
lx

1� l
2

cos
2px

lx

� �� �
if � lx

2
6 x 6

lx

2
;

f2ðyÞ ¼
1
ly

if � ly

2
6 x 6

ly

2
;

f3ðzÞ ¼
X5

i¼1

pidðz� ziÞ;

f4 w ¼ a1

a2

� �
¼ ak ðw� cÞ=b½ �ak�1

b 1þ ðfw� cg=bÞa
� �kþ1 :

ð1Þ

In f1(x) function l is a disparity parameter, which shows
the density difference between the middle and the outer
region, lx is the ribbon size. We assumed that f2(y) is uni-
form, where ly is the trim size. The density values along
the height was received in discrete form – in f3(z) pi is
the density values of each layer, d is the Dirac function, zi

is the location of each layer. f4(w) was found to be a 4 point
Dagum distribution; k, a, b are shape parameters, c is a
location parameter; the Anderson-Darling test statistic va-
lue was 0.22644. We have assumed that the random vari-
ables are independent.

The probability, that the worst defect is in the point of
maximal stress – calculated with a homogeneous material
– is approximately zero. The aim of the analysis is to find a
stress limit (r̂lim) in the glass plate – laden with defects –
which will not be exceeded with a 95% probability. There-
fore if we have 100 glass plates and we load them the same
way – because of the defects the maximal stress peak is
going to vary – but we count the 95 smallest maximal
stress values in each plate, we can define a stress value
(the largest of the 95) which is not going to exceeded with
95% probability, this is the limit we are searching for. Sta-
tistically we could describe as follows:

Pðr < r̂limÞ 6 0;95() Fðr̂Þ ¼
Z r̂lim

�1
f ðr̂Þdr̂ ¼ 0;95 ð2Þ

Fig. 9. rx at Point 1 in the function of the mesh density.

Fig. 10. Probability density functions of inhomogeneities.

G. Molnár, I. Bojtár / Mechanics of Materials 59 (2013) 1–13 7
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where r̂ is the stress peak caused by the inhomogeneity; it
could be calculated as r̂ ¼ rðx; y; zÞcellðwÞ; where rðx; y; zÞ
is the homogenously (without defects) calculated stress-
field, cellðwÞ is a stress increasing factor of the ellipsoidal
inhomogeneity (function of the shape). f ðr̂Þ is the proba-
bility density function of the stress peaks (r̂). Fðr̂Þ is the
cumulative distribution function of stress peaks (r̂). Inte-
grating (2) we get the desired stress limit.

If we have the stress limit, we could divide it with the
homogeneously calculated maximal stress value. We get
a dimensionless coefficient, which could be used to multi-
ply the initial (homogeneously calculated) maximal stress
value to apply the effect of the inhomogeneities in glass.

clim ¼
r̂lim

rmax
> 1;0 ð3Þ

where rmax is the homogeneously calculated maximal
stress value, r̂lim is the stress limit, which will not be ex-
ceeded with a 95% probability and clim is the dimensionless
coefficient. This coefficient could be used to multiply the ef-
fect side in a design standard. Therefore we do not need to
know the strength (resistance side) of the glass to take the
mechanical effect of the voids into account because it ap-
pears only at the effect side as a load factoring coefficient.

To calculate (2) we have to transform the original random
variables (1) to a new r̂ random variable. The transforma-
tion of these multiple random variables can only be carried
out in special cases; therefore the statistical calculation
was performed using numerical simulations in MATLAB.

3.1. Statistical simulation

Numerical analysis of the proposed model is carried out
by using Monte Carlo simulation. The basic flow-chart of
the computer code is presented in Fig. 11.

The simulation study is designed to answer the follow-
ing questions:

– What is the mechanical effect of the inhomogeneities in
a glass plate exposed to bending load?

– Does the size of the structural element statistically
affect the stress peaks caused by defects?

– Which plate aspect ratio has the least increasing effect?

– Does the relationship of the drawing (manufacturing)
direction and bending direction affect the possible
stress peaks?

– How much difference we got if the tension side is the
atmospheric side or the tin side of the float glass?

All numerical experiment setup was conducted in the
following manner:

1. The code loads the input parameters, where lx is the
ribbon size, ly is the trim size and h is the height of
the manufactured glass plate; we used 4 mm thick
jumbo size glass plates (3210 � 6000 mm). la and lb

is the actual side lengths of the structural element cut
out from the original glass plate. pr is the ratio of
pr = lb/la. In the manufactured glass plate the average
defect number in n and nu is the disparity parameter in
f1ðxÞ (14). sim_no is the number of simulations carried
out on one type of glass plate. load is a function, which
tells us the homogenous plate’s stress distribution in
the function of the spatial coordinates; in present study
we modelled the plate as a simply supported beam, so
the load function was the following:

rðy; zÞ ¼ rmax � 4y2 rmax

l2
b

 !
z; ð4Þ

(4) tells us the axial stress in the direction of lb, the
other stress components were approximated by zero,
rmax is the homogeneously calculated maximal axial stress.

We have three switch parameters: The first is dir_-

bend; this parameter tells us that the direction of bending
is parallel (dir_bend=1) or perpendicular (dir_bend=2)
to the drawing direction. If dir_bend is zero the direction
of the loading is random with the probability of 50–50%.

The second switch parameter is dir_tens. With this
parameter we could decide that the tin side (dir_tens=1)
or the atmospheric side (dir_tens=2) will be the actual
bottom side – in our case the tension side – of the
structural element. If dir_tens is zero, we make the deci-
sion randomly (50–50%).

The third switch is loc_plate. This parameter is 1 or 2.
If loc_plate=1, we cut the structural plane from the

Fig. 11. Simplified scheme of numerical simulation.

8 G. Molnár, I. Bojtár / Mechanics of Materials 59 (2013) 1–13
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middle of the ribbon, where we could find less defects; or if
loc_plate=2 we take the final plate from the outer re-
gion, where the density of the bubbles is higher.

2. The first step is to generate the defects in the glass plate
to simulate a manufacturing process. The spatial coor-
dinates and the radii ratios of the inhomogeneities are
generated according to the probability density func-
tions (14).

3. At this moment we have n defects in the plate lx � ly.
Now we cut the actual structural element from the

whole plate. The numerical aspect of this operation is
that we choose only the defects which are present in
the la � lb area. (Fig. 12)

4. According to the switch parameters a subroutine calcu-
lates the homogeneous stress at the position of the
defects. In this simulation the defects does not have
any spatial extension, they are considered as points in
the glass volume.

5. Another subroutine – made by Meng et al. (2011) – cal-
culates the maximal stress peak around the ellipsoidal
inhomogeneity. In this case the defect is placed in an
infinite space and exposed by the homogeneous stress
calculated before.

6. We take the maximum of the maximal stress peaks cal-
culated at the previous step and the homogeneously
calculated maximal stress value –
r̂max ¼maxðr̂i

max;rmaxÞ.
7. We return to step 2 and carry out another experiment,

until we reach the desired number.
8. After sorting r̂max; and taking the value which belongs

to the 0.95 quantiles, we divide it by rmax; and we reach
a factoring coefficient which could be used to multiply
the original stress value to consider the mechanical
effect of the inhomogeneities.

3.1.1. Convergence of simulation
Application of the Monte Carlo method requires an

accurate analysis of the convergence process. To calculate
a size-effect coefficient, we first had to evaluate the num-
ber of simulations that leads us to a sufficiently precise re-
sult. We could assume that increasing the number of
experiments simulated on one type of specimen, the statis-
tical value should converge to the actual factoring value.
Convergence in the function of the number of simulations
is shown in Fig. 13. Therefore, the value 50,000 is used for
the number of simulations in the numerical analysis.

4. Results

The major aim of the simulation was to describe the
mechanical effect of the inhomogeneities. The simulated
probability density and cumulative probability distribution
functions of clim ¼ r̂max=rmax values are presented in
Fig. 14 and Fig. 15. We could recognise that the inhomoge-
neities do not have any stress increasing effect compared
to the homogeneously calculated maximal stress value
with a 15.50% probability. It means that all inhomogeneity
falls into the mid-plane, into the compressed or less ten-
sioned regions and does not cause higher stress than the
homogeneously calculated about 15.5% of time. The func-
tions in Fig. 14 and Fig. 15 are typical examples for the fac-
toring value distributions, not specified results of the
analysis.

The factoring coefficient is always greater-than or equal
to 1.00, because in step 6 it is calculated by dividing the
maximal stress by the homogenous maximal stress value.
If the inhomogeneities are not at the position of rmax,
and they do not cause greater stress peak than rmax, the
factoring coefficient shall be 1.00. That is the reason why
a great density peak could be recognised in the histogram
(Fig. 14) at value 1.00.

Fig. 12. Schematic figure of experimental setup.

Fig. 13. Convergence in the function of the number of simulations.

G. Molnár, I. Bojtár / Mechanics of Materials 59 (2013) 1–13 9
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4.1. Does plate ratio affect the factoring coefficient?

After the definition of clim we could investigate the size
effect of the glass plates. As mentioned in the introduction
we worked with 4 mm thick glass. Therefore we changed
only the plate’s ichnographical size. Fig. 16 shows the fac-
toring coefficient in the function of the plate’s area. We
could recognise that the effect of the defect increases by
increasing the plate’s size. As larger the plate the probabil-
ity is higher having a sharp inclusion at a worse location.
The minimal size of the glass was 0.4 m2, and the largest
size was 6.0 m2.

In Fig. 17 we could recognise that the plate ratio has no
noticeable effect on the factoring coefficient. Therefore we
performed experiments aimed at confirming this negligible
plate ratio effect. We left the plates size on 3.00 m2, mod-
ifying the plate’s ratio, we showed that the parameter has
only a slight effect on the stress peak caused by defects. But
it is negligible (�2% in the range of 0.5 6 lb/la 6 2.0) com-
pared to the size’s effect. Therefore we could state that
the clim factoring coefficient is a size effect coefficient.

4.2. Correlation between the bending and the drawing
direction

Our goal was to help designers and factories, how to
minimise the mechanical effect of the remaining inhomo-
geneities in structural glass elements using simple guide-
lines, for example to connect the bending with the
drawing direction, or the tension side with the tin or the
atmospheric side.

During current analysis we considered glass plates with
the plate ratio of 1.5, dir_tens=0, loc_plate=1. We
changed dir_bend from 0 to 2.

In Fig. 18 we could recognise that the relationship be-
tween the drawing and the bending direction (Fig. 12) is
obvious. In every case if we take parallel the two directions
we could decrease the effect of the defects.

The reason of the phenomenon is simple. Due to the
drawing process the sphere shape bubble transforms into
a spheroid with the larger radius parallel to the floating
direction. Therefore if we consider a prolate spheroidal
inhomogeneity loaded in the direction of the major princi-
pal axis (a2) – in the direction of drawing (y) (Fig. 10) –
(therefore the radii ratio is larger than 1.00 (Fig. 6)), the
stress peak caused by the defect would be significantly

Fig. 14. Probability density of factoring values.

Fig. 15. Cumulative distribution functions of factoring values.

Fig. 16. Factoring coefficient (clim) in the function of the plate’s size.

Fig. 17. clim in the function of plate ratio (lb/la).
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smaller than if we stress the defect perpendicular. Hence
we construct the glass plate bent parallel to the direction
of the drawing, the effect of the inhomogeneities going to
be average 57.79% smaller than if we do not deal with this
question and make the decision at random, and 63.62%
smaller compared to the perpendicular way. The difference
was calculated as follows:

D ¼ ðclim;1 � clim;2Þ=ðclim;2 � 1Þ; ð5Þ

where clim;1 is the factoring coefficient compared to clim;2.

4.3. Tin and tension side orientation

The inhomogeneity distribution along the thickness of
the glass plate is not uniform, therefore we investigated,
which orientation of the tension side is better for a unidi-
rectionally bent glass plate. In Fig. 19 the factoring coeffi-
cient is presented in the function of the tin side orientation.

The diagram shows that if we use only the atmospheric
side as the tension side, we could reduce the effect of the
defects by 15.61% compared if we make the decision ran-

domly. The reason for this phenomenon is that the defect
density is higher near to the tin than the atmospheric side
of the float glass ribbon. In Fig. 19 the difference was calcu-
lated in the same way as (5).

4.4. Original position on the ribbon

Because of the density differences of the defects along
the ribbon, the original position of the structural element
on the manufactured plate is relevant. The two possibilities
are presented Fig. 20.

Fig. 20 shows that smaller plates extracted from the
outer region had larger clim; than the plates from the mid-
dle of the ribbon. However increasing the plate size the fac-
toring coefficients are getting closer and closer to each
other. Therefore we could conclude that plates from the
middle region have statistically less defects, as a result:
less stress increment. To take advantage of this phenome-
non we should chose the more efficient structural ele-
ments from the middle, and the less ones from the outer
region.

5. Conclusion and future plans

We worked out a method to calculate the effect of the
glassy inhomogeneities (which take the largest part of
the defects in float glass) remaining in glass after the man-
ufacturing procedure. The defined coefficient shows the
stress limit which will not be exceeded with a 95% proba-
bility. We found that the statistical effect of the defects is
increasing by increasing the plate’s size, therefore the cal-
culated coefficient expresses a size effect.

Using this indicator factor we analysed designing con-
cepts, and we proposed guidelines to decrease the
mechanical effect of the voids. These suggestions are the
following:

– The plate ratio has no major effect on the factoring
coefficient.

– Using parallel bending direction as the drawing direc-
tion could reduce the effect by 57.79%.

Fig. 18. clim in the function of bending direction.

Fig. 19. clim in the function of tension side orientation.

Fig. 20. clim in the function of the original position.
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– Using the atmospheric side as tension side reduces the
effect by 15.61% compared to random decision.

– Planning the cutting layout in the function of the effi-
ciency of the structural element could lead to optimal
design.

Further plans include calculation factoring coefficient
with complex stress fields as two directional bending, tem-
pering or pin loading.
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Appendix Analytical. Eshelby’s solution

In the next section we would like to summarise the
main theoretical steps Eshelby’s analytical solution, which
was used to compute the stress field around the elliptical
void.

Eshelby (1957) pointed out that the stress disturbance
in an applied stress-field due to the presence of an inhomo-
geneity can be simulated by an eigenstress caused by an
inclusion when the eigenstrain1 is chosen properly.

During the investigation we will confine ourselves to
ellipsoidal shape inhomogeneities. We could define the X
subdomain in a Cartesian coordinate system as follows
(Fig. 21):

x2

a2
1

þ y2

a2
2

þ z2

a2
3

6 1; ðA:1Þ

where a1, a2, a3 are the principal half axes of the ellipsoid.
For static loading and isotropic materials we could define
the Green function (Mura, 1987, p. 22). At this point we
could divide the solution into two parts. There are different
approaches for the interior points and the exterior points.

Interior. points

Owing to the work Eshelby, we know that the strain and
the stress are constant inside in an ellipsoidal inclusion2, so
we can extract e�ij and we could write the strain correlation
as

eij ¼ Sijkle�ij for x 2 X; ðA:2Þ

where Sijkl is called the Eshelby’s tensor (Mura, 1987, p. 77),
e�ij is the eigenstrains and eij is the total strains. Originally
the components of Sijkl contains first and second term ellip-
tic integrals, but we know from the microscopic investiga-
tion that the bubbles and the stones have a spheroid shape,
thus the Eshelby’s tensor could be simplified (Mura, 1987,
p. 77):

Sijkl ¼ Sklij ¼ Sijkl;

S1111 ¼
3

8pð1� mÞ a
2
1I11 þ

1� 2m
8pð1� mÞ I1;

S1122 ¼
3

8pð1� mÞ a
2
2I12 þ

1� 2m
8pð1� mÞ I1;

S1133 ¼
3

8pð1� mÞ a
2
3I13 þ

1� 2m
8pð1� mÞ I1;

S1212 ¼
a2

1 þ a2
2

16pð1� mÞ I12 þ
1� 2m

16pð1� mÞ ðI1 þ I2Þ:

ðA:3Þ

All other non-zero components are obtained from the
systematic permutation of 1, 2, 3 in ai, Ii and Iij. The compo-
nents which cannot be obtained by cyclic permutation are
equal to zero (S1112 ¼ S1223 ¼ S1232 ¼ 0). In equation (A.3) m
is the Poisson’s ratio. For a general ellipsoidal inclusion Ii

and Iij integrals are given by (Routh, 1895) and could be
found in (Mura, 1987, p. 77).

Exterior. points

For an exterior point we could write (A.2) as

eijðxÞ ¼ DijklðxÞe�kl; ðA:4Þ

where Dijkl gives us the effect of the eigenstrains in an arbi-
trary point x. (since e�ij is constant). Ferrers (1877) and Dys-
on (1981) expressed that the integrals of (A.3) could be
modified, therefore we simply change the lower integral
limits to k, where k is the largest positive root of

x2

a2
1 þ k

þ y2

a2
2 þ k

þ z2

a2
3 þ k

6 1; ðA:5Þ

for x 2 D�X and zero for x 2 X. After a few modifica-
tions we could express Dijkl. (Mura, 1987, p. 85).

Fig. 21. Representation of an ellipsoidal shape inhomogeneity in Carte-
sian coordinate system.

1 Eigenstress is a generic name given to self-equilibrated internal stress
caused by one or several of eigenstrains in bodies which are free from any
other external force and surface constraint. The eigenstress field are created
by the incompatibility of eigenstrains. Eshelby (1957) referred to eigen-
strains as a stress-free transformation strains. Example: non-elastic strains,
thermal expansion, phase transformation, initial strains (Mura, 1987, p. 1).

2 An inclusion has the same elastic moduli as the material (matrix), and it
contains eigenstrains. (Mura, 1987, p. 177).
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The final result holds for both interior and exterior
points, with the fact that if x 2 X then k ¼ 0; in this case
all derivatives of Ii and Iij vanish, and we can determine
an expression for Dijkl becomes Sijkl which is equal to the
original Eshelby’s tensor (A.3). (Mura, 1987, p. 88)

Equivalent. inclusion method

So far we have only a solution for the original Eshelby’s
problem, but we have to find a solution for the mechanical
effects of voids and rigid inhomogeneities3 in the material.
So our problem could be described as a subdomain X (inho-
mogeneity) with different elastic moduli (C�ijkl) in the infinite
D domain (matrix). Our goal is to describe the stress distur-
bance caused by the presence of an ellipsoidal inhomogene-
ity in the material.

To calculate the effect of the inhomogeneity we will de-
fine an equalling arbitrary eigenstrain, which could be
used in the original Eshelby’s solution to describe the
stress field caused by the inhomogeneity.

First we have to calculate the fictional eigenstrain,
which describes the effect of the inhomogeneity. We will
start with the initial condition, that in the inclusion (sub-
domain X) the stress has to be equal in the original prob-
lem and in the fictional, Eshelby’s problem.

r1ij þ rij ¼ C�ijklðe1kl þ eklÞ;
sigma1ij þ rij ¼ Cijklðe1kl þ ekl � east

kl Þ;
ðA:6Þ

where r1ij is the stress, e1ij is the strain in infinity, rij is the
additional stress eij is the additional strain peak, e�ij is the
fictional eigenstrain. The two cases should be equal, so
we could write

C�ijklðe1kl þ eklÞ ¼ Cijklðe1kl þ ekl � e�klÞ: ðA:7Þ

From the Eshelby’s solution we know, that

eij ¼ Sijkle�kl: ðA:8Þ

Eq. (A.7) could be written as

C�ijklðe1kl þ Sklmne�mnÞ ¼ Cijklðe1kl þ Sklmne�mn � e�klÞ: ðA:9Þ

From equation (A.9) the fictional eigenstrain e�ij could be
determined.

However in glass construction we have a common prob-
lem with nickel sulphide (NiS) defects (nickel sulphide has
a different thermal expansion coefficient, so during the
tempering procedure it may cause unexpected failure), so
sometimes our inhomogeneity has its own eigenstrains.
(A.7) changes as

C�ijklðe1kl þ ekl � ep
klÞ ¼ Cijklðe1kl þ ekl � ep

kl � e�klÞ; ðA:10Þ

where ep
kl is the true eigenstrain of the inhomogeneous

inclusion. Eq. (A.8) changes to

eij ¼ Sijklðe�kl þ ep
klÞ ¼ Sijkle��kl : ðA:11Þ

In this case to calculate the necessary eigenstrain e��ij we
could use

C�ijklðe1kl þ Sklmne��mn � ep
klÞ ¼ Cijklðe1kl þ Sklmne��mn � e��kl Þ: ðA:12Þ

To calculate the strain and the stress peak values, we
could use the original Eq. (A.6) with the addition of the re-
mote stress and strain.

êij ¼ e1ij þ Sijkle��kl ;

r̂ij ¼ r1ij þ CijklðSklmne��mn � e��kl ÞinX;

êijðxÞ ¼ e1ij þ DijklðxÞe��kl ;

r̂ij ¼ r1ij þ CijklDklmnðxÞe��mnforx 2 D�X:

ðA:13Þ

All eigenstrains are stress-free so we have to subtract the
effect from the total strain when we calculating the stres-
ses in the inclusion. There are no eigenstrains in the exte-
rior part, so it has no effect on it.
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