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 a b s t r a c t

Matched asymptotic expansions and phase-field regularization are combined to propose an imple-
mentation of the coupled criterion that accounts for the presence of an initial process zone. The 
initial process zone is introduced by prescribing phase-field Dirichlet boundary conditions around 
the crack initiation location, which allows us to study either sharp or regularized crack initiation 
through an initial process zone. An increase in the initially prescribed phase-field value enlarges 
the effective process zone and progressively reduces the stress singularity at the V-notch tip, 
showing that even a partially developed process zone can mitigate singular stresses through non-
uniform stiffness, without requiring plastic regularization. Furthermore the process zone tends 
to decrease the incremental energy release rate, thus resulting in a higher initiation generalized 
stress intensity factor than the one obtained without an initial process zone. The findings reveal 
that, unlike Griffith’s singular formulation, the phase-field model remains intrinsically regular-
ized – even in the vanishing-length limit – raising the fundamental question of whether truly 
sharp cracks can exist or if a finite process zone always emerges through local structural rear-
rangement. The proposed approach thus extends the coupled criterion to study crack initiation 
and propagation in quasi-brittle materials.

1.  Introduction

The fracture process zone (FPZ) refers to the region surrounding a crack tip where nonlinear and often irreversible deformation 
processes occur. This zone represents the transition from purely elastic behavior to the onset of inelastic mechanisms, making it a 
central concept in fracture mechanics. Early X-ray investigations by Irwin (1948) and Orowan (1949) revealed that even nominally 
brittle materials exhibit a finite zone of regularization near the crack front. Their findings led to the recognition that the actual critical 
energy release rate is several orders of magnitude greater than that predicted by Griffith’s original model. Building on these insights, 
Barenblatt (1959) and Dugdale (1960) introduced theoretical models in which localized yielding near the crack tip produces cohesive 
tractions that cap the otherwise singular stress field.

Over the following decades, a variety of experimental approaches (Labuz et al., 1983; Chengyong et al., 1990; Denarie et al., 
2001; Du et al., 1990; Guo et al., 1993; Yu and Kobayashi, 1994; Zang et al., 2000; Otsuka and Date, 2000; Zietlow and Labuz, 
1998; Labuz et al., 1987) were developed to characterize the geometry and extent of the FPZ (Neimitz and Aifantis, 1987) in brittle 
and quasi-brittle materials. These studies generally interpret the FPZ as a damaged region around the crack tip, associated with irre-
versible microstructural rearrangements. Evidence of such zones has been reported in a wide range of materials, including concrete
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(Cedolin et al., 1983), granite (Labuz et al., 1983), geological faults (Vermilye and Scholz, 1998), wood (Yu et al., 2019), model 
composites (Haidar et al., 2005), and silica glass (Rountree et al., 2010). A comprehensive review of FPZ observations and interpreta-
tions is provided by Brooks (2013). Currently, digital image correlation (Réthoré and Estevez, 2013) is the most widely used method 
to quantify the FPZ, although alternative techniques remain effective for specific materials–such as optical methods in transparent 
polymers (Cortet et al., 2005) and X-ray imaging in concrete (Otsuka and Date, 2000).

However, whether a crack can exist in the absence of a process zone remains an open question, particularly concerning how crack 
initiation may transform a state without a process zone into one where such a zone develops, or conversely, how an existing process 
zone may vanish and a sharp crack can develop. Fracture mechanics models able to study crack nucleation generally rely on the idea 
of a coupling between energy and strength comparisons. These kinds of models include the material critical energy release rate (ERR) 
so as to retrieve Linear Elastic Fracture Mechanics (LEFM) when studying the propagation of sufficiently long cracks (Griffith, 1921, 
1924; Irwin, 1958). In addition, the strength aspects may be incorporated in different ways. Cohesive zone models (Barenblatt, 1959; 
Dugdale, 1960) directly define the material strength surface through the tensile (𝜎c) and shear (𝜏c) strengths, as well as a criterion to 
define the strength under combined homogeneous tensile and shear loading (Benzeggagh and Kenane, 1996; Camanho and Dávila, 
2002). For non-homogeneous loading conditions, i.e., in the presence of a stress gradient, these critical strengths correspond to the 
onset of the damage mechanism through the creation of a process zone. Phase-field (PF) fracture models also define the material 
critical ERR as an input parameter, since they were initially thought and developed as a regularized Griffith’s approach (Francfort 
and Marigo, 1998; Bourdin et al., 2000), through the definition of a characteristic length that provides a regularized description of a 
sharp crack. In these models, the material strength surface can also be defined, either as a direct input (Kumar et al., 2020; Doitrand 
et al., 2023b) or by defining the corresponding energy decomposition (De Lorenzis and Maurini, 2022; Vicentini et al., 2024). The 
magnitude of the strength surface can be indirectly set through the choice of the regularization length (Molnár et al., 2020, 2022).

The idea of coupling energy and strength criteria to study crack initiation was the cornerstone of the coupled criterion (CC) 
developed by Leguillon (2001, 2002). The combination of both criteria enables us to determine the initiation crack length and 
thus resolves the inability of LEFM to assess crack nucleation, still being consistent with it when studying the propagation of long 
enough cracks. The efficiency of the CC in understanding the details of crack initiation is highlighted in review papers (Weißgraeber 
et al., 2016; Doitrand et al., 2024). This is particularly marked when implementing the CC based on matched asymptotic expansions 
(Jiménez-Alfaro et al., 2025), which enables understanding the precise role of stress and energy contributions to crack nucleation 
(García and Leguillon, 2012; Felger et al., 2019; Doitrand et al., 2020; Jiménez-Alfaro and Leguillon, 2022).

Despite its great potential in understanding the underlying phenomenon of crack initiation, there are still a few pathological 
configurations for which the CC offers an incomplete failure description. Actually, the CC remains limited in some configurations 
for which the energy criterion predominates over the stress criterion. No characteristic length emerges from the coupling between 
strength and energy aspects, which is "disabled" since the CC thus reverts to a criterion solely based on energy (Molnár et al., 2025). 
In these configurations, the initiation load predicted by the CC becomes insensitive to the tensile strength. Two examples result in 
such a behavior:
i) Strong singularities (Leguillon et al., 2000; Leguillon and Murer, 2012; Aranda and Leguillon, 2023) are associated with 
asymptotic displacement fields varying as 𝑟𝜆, (𝑟 is the distance to the singular point in polar coordinates), the characteristic 
exponent 𝜆 being smaller than 1∕2. As a consequence, the IERR tends to infinity for vanishing crack lengths and the stress 
criterion is always satisfied, causing the CC to revert to an energy-only criterion.

ii) An asymptotic approach shows that the stress criterion has no influence on the initiation generalized stress intensity factor (GSIF) of 
a semi-infinite crack under remote anti-plane shear loading. The CC thus reverts to an energy-only criterion that predicts rectilinear 
propagation that maximizes the ERR (Mittelman and Yosibash, 2014, 2015; Doitrand et al., 2023a). However, experimental 
observations of the crack front rather show a series of facets inclined with respect to the initial crack propagation direction 
(Sommer, 1969; Knauss, 1970; Lazarus et al., 2008; Pham and Ravi-Chandar, 2014).
In the above-mentioned configurations where the CC fails to predict crack initiation due to the prevalence of the energy criterion, 

the missing ingredient to accurately describe the failure process could be the presence of a process zone prior to initiation. This 
ingredient, indeed considered in the phase-field approach that successfully describes the formation of facets under anti-plane shear 
(Molnár et al., 2024), appears as the main difference compared to the CC that generally considers the initiation of a sharp crack in 
an undamaged medium. So far, few works have addressed the possibility of incorporating a process zone in the CC. Leguillon and 
Yosibash (2017) implemented the matched asymptotic approach of the CC to study crack initiation at a V-notch tip with a small 
circular damage or plastic zone. The damage zone was described by a power-law decrease of the Young’s modulus through a damage 
model based on singular elastic fields (Leguillon, 2008). The proposed approach enabled studying both the gradual damage zone 
growth and subsequent sudden crack initiation. Li et al. (2019) combined damage field determination based on continuum damage 
mechanics and discontinuous crack initiation based on the CC. They showed that damage zone growth and crack advance alternatively 
take place, leading to the formation of a damage band around the main sharp crack. In our previous work (Doitrand and Molnár, 
2025), we extended the CC to study the initiation of a sharp crack surrounded by a process zone, employing the crack regularization 
offered in phase-field models. We showed that the proposed approach compared well with the phase-field model when calibrating 
the regularization length to the material strength surface. However, we did not consider the development of the process zone prior 
to crack initiation.

The objective of this work is thus to consider the presence of a process zone when assessing crack initiation with the CC. 
In Section 2, we first present how the process zone prior to crack initiation is described by using the regularization offered by
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Fig. 1. (a) Representation of the configuration before crack initiation with a process zone (hatched zone described by the length 𝓁BC over which 
𝑑 = 𝑑BC Dirichlet boundary conditions are applied, 0 < 𝑑BC ⩽ 1) at the V-notch tip (angle 𝛽). The damage variable 𝑑 in the process zone varies 
between 𝑑BC and 0 (pristine material). (b-c) Representation of the configurations after initiation of b) sharp (nominal length 𝓁) or (c) regularized crack 
(regularization length 𝓁c) through the initial process zone. (d) Dimensionless problem corresponding to (c) when the coordinates are normalized by 
the sharp crack length (normalized length 1), involving the dimensionless regularization length 𝜉 = 𝓁c∕𝓁 and the dimensionless length 𝜉BC = 𝓁BC∕𝓁
over which Dirichlet boundary conditions are prescribed. The arrows correspond to the prescribed displacement at the boundary of the domain, far 
from the process zone and the initiation crack.

phase-field models and how it influences the stress fields before initiation. The formulation of the CC in the presence of an initial 
process zone is then presented in Section 3 before studying the case of a semi-infinite crack in an infinite medium in Section 4. We 
finally assess the influence of the initial process zone on sharp or regularized crack initiation at a V-notch (Section 5). The matched 
asymptotic expansions used to derive the CC formulation are described in the Appendix A.

2.  Stress within the process zone

The overall methodology for investigating sharp and regularized crack initiation in the presence of a process zone is outlined in the 
following workflow: We first build the initial process zone, then compute the stress fields before initiation and the energy variation 
due to crack initiation, and finally solve the CC to determine the initiation length and GSIF. We study 2D crack initiation at a V-notch 
(angle 𝛽, cf.  Fig. 1) under plane strain conditions and pure opening mode in a homogeneous isotropic quasi-brittle material (Young’s 
modulus 𝐸, Poisson’s ratio 𝜈, critical ERR c, Rankine’s strength surface and tensile strength 𝜎c) in the presence of a process zone at 
the V-notch tip. The configuration just before crack initiation is depicted in Fig. 1(a). The process zone at the V-notch tip is described 
using the regularization offered by AT1 phase-field model (Pham et al., 2011), 𝓁c being the regularization length (implementation 
details are available in Molnár et al., 2022). The process zone is obtained by prescribing 𝑑 = 𝑑BC (0 < 𝑑BC ⩽ 1) Dirichlet boundary 
conditions over a length 𝓁BC from the V-notch tip along the V-notch faces (Fig. 1(a)). In practice, Dirichlet boundary conditions are 
strongly enforced at each of the nodes located over a segment of length 𝓁BC. The process zone thus consists of a diffuse damage 
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zone around the V-notch tip, which is obtained by solving the phase-field equation without the elastic energy. The functional to 
minimize to determine the process zone shape thus reverts to the fracture energy ∫Ω0

c
𝑐𝜔𝓁c

(

𝜔(𝑑) + 𝓁2
c |∇𝑑|

2)dΩ, where 𝜔(𝑑) = 𝑑 and 
𝑐𝜔 = ∫ 1

0

√

𝜔(𝑠)d𝑠 = 8∕3, following AT1 PF model implementation (Molnár et al., 2022). The domain Ω0 represents the uncracked 
entire body under investigation (see Fig. 1(a)). In the process zone, the damage variable 𝑑 varies between 𝑑BC (at the V-notch 
tip and faces) and 0 (out of the process zone). The parameters describing the process zone could be identified experimentally by 
local stiffness measurements, for instance using indentation, or through full-field measurements and primal and dual mode GSIF 
evaluation (Leguillon, 2011; Leguillon and Yosibash, 2017). The phase-field approximation replaces the discrete representation of 
the crack surface with an integral formulation based on a continuous damage variable (Bourdin et al., 2000). Consequently, in two 
dimensions, the in-plane effective process zone length, 𝓁PZ, is given by

𝓁PZ = 1
𝑐𝜔𝓁c ∫Ω0

(

𝜔(𝑑) + 𝓁2
c |∇𝑑|

2)𝑑Ω. (1)

Note that the process zone length tends towards 𝓁BC when 𝓁c tends towards 0.

Two problems are then studied from this initial configuration:

- Sharp crack initiation at the V-notch tip: This configuration is depicted in Fig. 1(b), where a sharp crack of length 𝓁 initiates 
through the process zone. In this configuration, we make the assumption that the initial process zone does not evolve during the 
sudden crack initiation. The crack may extend either inside or outside the process zone to cover all possible configurations that 
could be encountered experimentally.

- Regularized crack initiation at the V-notch tip: As depicted in Fig. 1(c), instead of a purely sharp description, the regularized 
crack is represented as a diffused damage zone around a sharp crack of nominal length 𝓁. The corresponding domain Ω𝓁 is 
represented in Fig. 1(c). For the sake of simplicity, we use the same regularization length to describe the initial process zone and 
the regularized crack. The effective length of the regularized crack, 𝓁eff , is thus

𝓁eff =
1

𝑐𝜔𝓁c ∫Ω𝓁

(

𝜔(𝑑) + 𝓁2
c |∇𝑑|

2)𝑑Ω. (2)

As the regularization length approaches zero, the effective length 𝓁eff  converges to the nominal crack length. The proposed 
model provides us with the option of implementing the coupled criterion using 3 input parameters (i.e., tensile strength, critical 
ERR and regularization length). The definition of 𝓁c independently of the tensile strength permits the formulation of a third 
criterion. In this work, we rather choose to set the regularization length in order to retrieve a Rankine type strength surface, 
following the previously determined relation (Molnár et al., 2020, 2022; Doitrand and Molnár, 2025)

𝓁c = 𝜂
(

𝜈,
𝜎II
𝜎I

)2
𝓁mat , (3)

where 𝜎II𝜎I  is the ratio of principal stresses and 𝜂 is the normalized tensile strength and the Irwin’s length is 𝓁mat =
𝐸c
𝜎2c
.

Both problems are studied using the CC, presented in Section 3 and implemented through matched asymptotic expansions as detailed 
in the Appendix A. Finite element calculations are performed under small deformation assumptions in a dimensionless domain, e.g.
represented in Fig. 1(d) which corresponds to the dimensional domain depicted in Fig. 1(c). This is called the "inner domain" in the 
matched asymptotic expansion formalism (see Appendix A for further details), in which the space variables are normalized by the 
sharp initiation crack length, which thus becomes 1. In the sequel, the variables 𝓁k indicate dimensional lengths whereas the variables 
𝜉k correspond to dimensionless lengths. In the inner domain, the initial process zone is described by:

- The normalized length over which phase-field Dirichlet conditions are prescribed along the V-notch faces, 𝜉BC = 𝓁BC∕𝓁.
- The magnitude of the damage variable along the V-notch faces, 𝑑BC.
- The normalized regularization length, 𝜉 = 𝓁c∕𝓁.

Linear 4-node elements are used, the mesh is refined around the V-notch tip to ensure that the mesh size is not larger than 1∕100 of the 
normalized sharp crack length and 1∕10 of the dimensionless regularization length. This choice ensures that differences in the initiation 
loading smaller than 1% are obtained for finer meshes. The inner domain is artificially bounded at a normalized distance of 𝑅 = 400, 
which is sufficiently large compared to 𝜉, 𝜉BC and 1 (the normalized crack length) (Doitrand et al., 2020, 2023a). The boundary 
conditions prescribed at the inner domain artificial boundary (Fig. 1(d)) are the asymptotic displacement field corresponding to the 
opening mode at a V-notch. Three calculations are performed in the inner domain under identical displacement boundary conditions:

i) A calculation with the initial process zone present, but without a crack, performed in the inner domain corresponding to the 
configuration depicted in Fig. 1(a).

ii) A calculation with a sharp crack initiating through the initial process zone, performed in the inner domain corresponding to the 
configuration depicted in Fig. 1(b).

iii) A calculation with a regularized crack initiating through the initial process zone, performed in the inner domain (Fig. 1(d)) 
corresponding to the configuration depicted in Fig. 1(c).
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Fig. 2. (a-c) Opening stress variation as a function of the dimensionless distance to the V-notch tip (V-notch angle 𝛽 = 90 deg.) along the V-notch 
bisector in the presence of a process zone and (d-f) opening stress value at the position of the sharp crack tip (𝑦2 = 1) before crack initiation obtained 
for a prescribed unit GSIF. (a) The coordinate at which the stress maximum is attained is noted 𝑦max

2 . (a,d) Influence of the Dirichlet phase-field 
boundary condition magnitude 𝑑BC for fixed 𝜉BC = 0.1 and 𝜉 = 1.5. (b,e) Influence of the length over which the boundary conditions are prescribed 
𝜉BC, for fixed 𝑑BC = 1 and 𝜉 = 1.5. (c,f) Influence of the regularization length 𝜉 for fixed 𝜉BC = 0.1 and 𝑑BC = 1.

Among these models, only the geometry and the phase-field boundary conditions differ. The first calculation enables us to determine 
the stress field prior to crack initiation. Then, the second calculation allows us to study the initiation of a sharp crack (see Section 5.1) 
or of a regularized crack (see Sections 4 and 5.2) in the presence of an initial process zone. The dimensionless incremental energy 
release rate (IERR) 𝐴eff  (see Appendix A for further details) is obtained by calculating the elastic strain energy difference between 
the configuration containing only the process zone (without a crack) and the configuration featuring either a sharp or a regularized 
crack. Details on how the stress and the dimensionless IERR are computed through matched asymptotic expansions are given in the 
Appendix A.

Since the CC requires the knowledge of the stress field prior to crack initiation, it is essential to analyze how it is influenced by 
the initial process zone. At the leading order, the opening stress component is written as

𝜎nn = 𝐾I𝓁
𝜆−1𝑠𝜉 , (4)

where the parameter 𝜆 is the singularity exponent (see further details in the Appendix A) and 𝑠𝜉 corresponds to the opening stress 
value at the sharp crack tip position before initiation. Is is obtained as the opening stress value for a unit imposed GSIF (𝐾I) before 
crack initiation in the inner domain.

The presence of the initial process zone has an influence on the stress fields along the notch bisector prior to crack initiation. Fig. 2 
shows how the opening stress variation along the V-notch bisector is affected in the presence of the process zone for a 𝛽 = 90 deg. 
V-notch angle. The first adjustable parameter to describe the initial process zone is 𝑑BC. Fig. 2(a) shows the influence of 𝑑BC on the 
stress variation along the V-notch bisector as a function of the normalized coordinate 𝑦2 = 𝑥2∕𝓁 (see Fig. 1(d)) for fixed 𝜉BC = 0.1
dimensionless initial process zone length and 𝜉 = 1.5 dimensionless regularization length. For 𝑑BC values smaller than 0.6, the stress 
field remains singular and monotonically increases when approaching the V-notch tip. However, for 𝑑BC values larger than 0.6, the 
damage field is sufficiently developed so that the singularity is mitigated and that the stress fields show a non-monotonic behavior 
near the V-notch tip. For instance, for 𝑑BC larger than 0.8, the regularization makes the stress variation exhibiting a local maximum 
when approaching the V-notch tip. The location at which the stress is locally maximum is noted 𝑦max

2 , it is 0 for sufficiently small 
𝑑BC or strictly positive for 𝑑BC values larger than 0.7. In the particular case of 𝑑BC = 1, we retrieve the stress field variation observed 
when employing classical phase-field approaches (Molnár et al., 2020; Abaza et al., 2022; Doitrand et al., 2023b). Fig. 2(d) shows 
the normalized opening stress value at the position of the sharp crack tip before initiation, which is further used to implement the 
CC (see Section 3), as a function of 𝑑BC. This value is 1 in absence of process zone due to the normalization of the asymptotic stress 
field (Leguillon et al., 2007; Doitrand and Molnár, 2025) and shows an increasing trend with increasing 𝑑BC. This variation can be 
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explained by the singularity mitigation due to the regularization. The larger 𝑑BC, the smaller the stress near the V-notch tip, which 
increases the stress value further from the V-notch tip (e.g., at the sharp crack tip position before initiation) to maintain the force 
balance for the same imposed loading.

This result is fundamental, since it demonstrates that in an elastic body, the introduction of a non-uniform stiffness field around 
the crack tip mitigates the singular stress. This result was previously obtained in the case of a Young’s modulus vanishing at the 
V-notch tip and following a power law with a sufficiently small exponent (Leguillon, 2008; Leguillon and Yosibash, 2017; Ciavarella, 
2024). Since the regularization tends to decrease the stiffness locally, it is noted that the strain fields remain singular even for the 
non-singular stress fields obtained with 𝑑BC = 1 at the V-notch tip. It is also shown here that a mitigation of the singular stress field 
can be obtained even in the case of a non vanishing Young’s modulus at the V-notch tip (e.g., for 0.6 < 𝑑BC < 1). These findings are 
significant because they show that even in the absence of a plastic regularization, the singular stress field can be mitigated through a 
stiffness gradient, offering a potential alternative approach to strengthening materials with geometric singularities against cracking.

The second parameter describing the initial process zone is its dimensionless length from the V-notch tip along the V-notch faces, 
𝜉BC. Fig. 2(b) shows the influence of 𝜉BC on the stress variation along the V-notch bisector as a function of the normalized coordinate 
for 𝑑BC = 1 and 𝜉 = 1.5. Regardless of the length of the initial process zone, the stress field is no longer singular as it tends towards 0
when approaching the V-notch tip, exhibiting a maximum at 𝑦2 = 𝑦max

2 . As 𝜉BC increases, the stress value at the peak decreases, while 
the normalized stress at the sharp crack tip increases (see Fig. 2(e)).

The third adjustable parameter to control the initial process zone is the dimensionless regularization length 𝜉, whose influence on 
the opening stress variation is shown in Fig. 2(c) for fixed 𝑑BC = 1 and 𝜉BC = 0.1. A non-singular stress field is obtained since 𝑑BC = 1, 
which tends towards zero when approaching the V-notch tip and shows a maximum. The larger the regularization length, the smaller 
the stress value at the maximum. However, the stress value at the sharp crack tip location before initiation shows a non-monotonic 
variation as a function of the normalized regularization length (Fig. 2(f)), increasing for 𝜉 smaller than 2 then decreasing for larger 
values of the dimensionless regularization length. The description of the process zone thus has an influence on the stress field before 
initiation, which may influence the critical GSIF at initiation that can be determined using the CC, as explained in the next Section.

3.  The coupled criterion

The CC enables us to study the initiation of a crack provided the simultaneous fulfillment of both stress and energy conditions 
(Leguillon, 2002):

- The opening stress must be larger than the material tensile strength 𝜎c along the crack path before initiation. In order to deal with 
the possibly non-monotonic stress variation due to the presence of the initial process zone (see Section 2), we have adapted the 
original formulation of the stress criterion (Leguillon, 2002; Leguillon et al., 2007) so that the tensile stress exceeds the material 
tensile strength at distances larger than the location of the peak stress, i.e., : 𝜎nn(𝑦2) ≥ 𝜎c ∀ 𝑦max

2 ⩽ 𝑦2 ⩽ 1. The proposed stress 
criterion thus remains a nonlocal condition that has to be fulfilled all over the path between 𝑦max

2  and 1.
- The incremental energy release rate (IERR) must be larger than or equal to the critical ERR: inc(𝓁) ≥ c.

The IERR for a regularized crack in the presence of an initial process zone is defined as (See the Appendix A for further details)

inc =
𝐾2

I
𝐸

𝓁2𝜆−1𝐴eff (𝑑BC, 𝜉BC, 𝜉). (5)

The dimensionless IERR is defined as 𝐴eff = 𝐴(𝑑BC, 𝜉BC, 𝜉)∕𝛿𝜉eff , where 𝐴(𝑑BC, 𝜉BC, 𝜉) is a scaling function computed in the inner 
domain and 𝜉eff = 𝓁eff∕𝓁 is the dimensionless effective crack length. The dimensionless IERR is obtained by computing, in the inner 
domain, the variation of elastic strain energy between i) the uncracked case in the presence of the initial process zone and ii) the 
configuration in the presence of either a sharp or a regularized crack.

The stress field prior to crack initiation can be computed using Eq. (4) (see the Appendix A and Section 2). The application of the 
CC reverts to combining the stress and the energy conditions previously described, which yields

{

𝐾2
I
𝐸 𝓁2𝜆−1𝐴eff (𝑑BC, 𝜉BC, 𝜉) ≥ 𝑐 ,
𝐾I𝓁

𝜆−1𝑠𝜉 (𝑑BC, 𝜉BC, 𝜉) ≥ 𝜎c.
(6)

For a given combination of 𝑑BC and 𝜉BC, the two unknowns to determine are the initiation crack length 𝓁i and GSIF 𝐾Iapp which are 
solutions of the equation system. For simplicity, in the following we will omit the dependence of 𝐴eff  and 𝑠𝜉 on 𝑑BC and 𝜉BC. However, 
it should be kept in mind that the parameters of the initial process zone and the overall regularization length have a significant effect 
on the results. In the following equations, we thus provide the solution for the initiation crack length and related GSIF for fixed 𝑑BC
and 𝜉BC.

The equation system Eq. (6) can be solved first for the initiation length

𝓁 =
𝐸c𝑠2𝜉 (𝜉c)

𝐴eff (𝜉c)𝜎2𝑐
= 𝓁i. (7)

In this equation, the Irwin’s characteristic length appears as 𝓁mat = 𝐸c∕𝜎2c . The dimensionless regularization length at initiation 
𝜉c is defined as 𝜉c = 𝓁c∕𝓁i. Accordingly, the initiation length can be expressed as a function of both the regularization length and 
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Fig. 3. Representation of the inner domain a) before and b) after crack propagation in the presence of an initial process zone. c) Variation of the 
normalized apparent stress intensity factor (SIF) at crack propagation as a function of the normalized initial process zone length (plain line) obtained 
for 𝜉 = 1.5, the normalized apparent SIF values for a sharp and regularized crack without an initial process zone are also given as references (dashed 
lines).

Irwin’s length as

𝓁i =
𝓁c
𝜉c

= 𝓁mat

𝑠2𝜉 (𝜉c)

𝐴eff (𝜉c)
. (8)

We recall that, in this general form, when 𝓁c is independent of the stress state, it gives the opportunity to introduce a third criterion 
within the CC framework. However, in this work, the regularization length is constrained in order to recover a Rankine-type strength 
surface, so that 𝓁c = 𝜂2𝓁mat (see Section 2). Consequently, the dimensionless regularization length and the critical initiation crack 
length can be determined by solving the following equation iteratively

𝐴eff (𝜉c)
𝜉c𝑠2𝜉 (𝜉c)

= 1
𝜂2

. (9)

The initiation crack length can therefore be obtained either by evaluating the left member of Eq. (9) over a discrete crack length 
basis, or using Newton’s method. For the latter, the convergence criterion is defined as a maximum relative error between two 
consecutive iterates of 10−8. The initial guess can be chosen as a function of the Irwin’s length 𝓁mat . Indeed, the initiation length is 
usually a fraction of 𝓁mat , either for sharp (Doitrand et al., 2020) or regularized (Doitrand and Molnár, 2025) cracks. For instance, 
the initial guess can be taken as 𝓁mat∕10. The solution of Eq. (9) gives the dimensionless regularization length at initiation 𝜉c, which 
also provides the initiation crack length 𝓁i. The apparent GSIF at initiation is finally obtained as

𝐾Iapp =
(

𝐸c
𝐴eff (𝜉c)

)1−𝜆( 𝜎c
𝑠𝜉 (𝜉c)

)2𝜆−1
. (10)

The initiation crack length and GSIF are thus obtained for fixed values of 𝑑BC and 𝜉BC by solving Eqs. (9) and (10).

4.  Semi-infinite crack in infinite medium

We first illustrate the application of the proposed approach to study the propagation of a semi-infinite regularized crack in an 
infinite medium subjected to a remote tensile stress, see Fig. 3. The initial configuration, depicted in Fig. 3(a), consists of a semi-
infinite sharp crack on which 𝑑 = 1 Dirichlet phase-field boundary conditions are prescribed over a dimensionless length 𝜉BC. The 
configuration after the propagation of a regularized crack increment is shown in Fig. 3(b). In the case of an initial sharp crack, the 
singularity exponent is 1∕2, thus the term coming from the stress criterion in Eq. (10) is equal to 1. Therefore, the apparent stress 
intensity factor (SIF) at crack propagation, deduced from Eq. (10), writes

𝐾Iapp =

√

𝐸c
𝐴eff (𝜉c)

. (11)

In the case of a purely sharp crack (i.e., 𝜉c = 0), the relation between the critical SIF and critical ERR is found so that the crack 
propagates at  = c (or equivalently, 𝐾Iapp = 𝐾I = 𝐾Ic). It means that the proposed approach retrieves LEFM when studying the 
propagation of a semi-infinite sharp crack in infinite medium.

Otherwise, considering regularized crack propagation in the presence of the initial process zone, even if the stress-related term 
does not explicitly appear in the apparent SIF, the apparent SIF now depends on the material strength. Indeed, a change in the material 
strength induces a change in the regularization length (through Eq. (3)) and thus on the initial process zone description, which in turn 
influences the coefficient 𝐴eff (𝜉c) and thus 𝐾Iapp. The variation of the apparent SIF at crack propagation (normalized by the material 
critical SIF 𝐾Ic) as a function of the ratio between the initial process zone length and the regularization length is shown in Fig. 3(c). 
As a matter of example, 𝜉c = 1.5 is chosen (in the order of magnitude of the value previously obtained for regularized crack initiation 
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without initial process zone Doitrand and Molnár, 2025; Abaza et al., 2022). Similar qualitative trends are obtained for other values 
of the normalized regularization length. The only difference obtained for other values of 𝜉c is the value of 𝐾Iapp∕𝐾Ic when 𝜉BC tends 
towards 0 (dashed blue line in Fig. 3(c)), which increases (resp. decreases) when 𝜉BC increases (resp. decreases).

In the absence of an initial process zone, the studied configuration reverts to the nucleation of a regularized crack ahead of an 
initial sharp crack. The required apparent SIF to nucleate the regularized crack is around 25% larger than the material critical SIF. 
This is due to the fact that a part of the elastic strain energy is dissipated into the process zone creation, resulting in a higher required 
apparent SIF to make the initial sharp crack propagate as a regularized crack. This phenomenon was previously observed when 
implementing phase-field models of crack propagation from an initial sharp crack. Klinsmann et al. (2015) noticed overestimation in 
the ERR up to 25% for crack propagation under pure bending or in single edge notched specimens. Overall, they observed that crack 
initiation for a mesh induced initial crack always occurs with a significant delay compared to implementing the initial phase-field 
crack description. They thus challenged the claimed capability of the fracture phase-field method to find and accurately describe sharp 
crack initiation at arbitrary locations in a specimen. The overestimation of the nucleation load due to the choice of undamaged notch 
boundary conditions on the damage fields was also observed later by Singh et al. (2016), Sargado et al. (2018), Tanné et al. (2018), 
Kristensen et al. (2021). When increasing the initial process zone length, i.e., the length over which the Dirichlet boundary conditions 
are prescribed over the initial crack, the apparent SIF at crack propagation decreases until it reaches a plateau that corresponds to 
the material critical stress intensity factor. It means that if the initial Dirichlet phase-field boundary conditions are prescribed over 
a sufficiently large zone, regularized crack propagation reverts to LEFM. Actually, prescribing the phase-field boundary conditions 
over a length at least equal to the regularization length yields a difference smaller than 1% on the SIF at propagation. This result 
is also consistent with previous results from the literature where it was shown that the phase-field fracture approaches are able to 
recover Griffith’s theory when implementing damage boundary conditions on the initial crack (Tanné et al., 2018; Sargado et al., 
2018; Molnár et al., 2020; Loiseau and Lazarus, 2025).

The results presented in this section challenge the notion that the phase-field model fully reproduces Griffith’s original theory 
even if 𝓁c tends to zero. Specifically, Griffith compared two states in which the stress field – and consequently the local energy – was 
singular. In contrast, within the phase-field framework, neither the stress nor the energy density becomes infinite. Thus, even though 
Griffith’s prediction can be recovered when propagating an initially developed process zone, this occurs through the comparison of 
two regularized (finite) stress states. The model never reverts to a singular stress field, even as 𝓁c → 0. At the crack tip, the damage 
variable always reaches 1, and the corresponding tensile stress vanishes. This constitutes a fundamental difference between the two 
theories and results in a discrepancy in the predicted critical load, approximately 25% for 𝜉c = 1.5. This discrepancy decreases as 
𝜉c decreases, as previously shown in Doitrand and Molnár (2025). Nevertheless, this conundrum raises a deeper question: do truly 
singular cracks exist, or is there always a local structural rearrangement that introduces a finite process zone? Such a perspective 
could potentially and partly explain the long-standing difference between the free surface energy (used in surface science) and the 
fracture surface energy (used in structural mechanics), which describe the same phenomenon but yield significantly different values 
(Bikerman, 1965; Molnár and Barthel, 2025).

5.  Crack initiation through a process zone at a V-notch

The proposed approach is now applied to analyze crack initiation at a V-notch in the presence of an initial process zone. We first 
examine the initiation of a sharp crack from an existing process zone in Section 5.1, and then focus on regularized crack initiation in 
Section 5.2.

5.1.  Sharp crack initiation

We first evaluate the influence of the process zone on the dimensionless IERR corresponding to sharp crack initiation (Fig. 1(c)). 
Fig. 4 depicts the decrease in 𝐴eff  caused by the presence of an initial process zone compared to the case without a process zone. All 
results are normalized with respect to the configuration where no regularization is applied, denoted by 𝐴eff (0).

Contrary to the opening stress variation at the sharp crack tip before initiation (Fig. 2), the presence of an initial process zone 
results in a decrease in the dimensionless IERR when increasing any of the three parameters describing the process zone. Indeed, 
the process zone development before initiation dissipates part of the available elastic strain energy, which tends to decrease the 
dimensionless IERR and thus to increase the prescribed loading at crack initiation. From Eq. (10), the ratio of the apparent initiation 
GSIF with and without an initial process zone is computed as 𝐾Iapp(𝜉c)∕𝐾Iapp(0) =

(

𝐴eff (0)
𝐴eff (𝜉c)

)1−𝜆
(

1
𝑠𝜉

)2𝜆−1
. Combining the results shown 

in Figs. 2 and 4, the variation of the relative increase in apparent initiation GSIF due to the presence of the initial process zone is 
shown in Fig. 5.

For a given process zone description, the dimensionless stress at the crack tip before initiation is larger than 1 (Fig. 2), which 
would thus tend to decrease the initiation GSIF compared to the case without process zone. However, this term is counter-balanced 
by the dimensionless IERR decrease due to the process zone (Fig. 4) so that, overall, the initiation GSIF increases with increasing 
𝑑BC, 𝜉BC or 𝜉.

The proposed approach is now applied to estimate the influence of the initial process zone on the initiation GSIF for several 
V-notch angles. In the first example (Fig. 6(a) to (c)), the material properties are representative of graphite: 𝐸 = 9600 MPa, 𝜈 = 0.3, 
𝜎c = 25 MPa and c = 0.14 MPa.mm (Leguillon and Yosibash, 2017; Ayatollahi and Torabi, 2010). Graphite fracture behavior is 
quasi-brittle, with the development of a process zone including microcracks (Mostafavi et al., 2013) inducing a non-linearity in the 
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Fig. 4. Variation of the ratio between the dimensionless IERR with (𝐴eff ) or without (𝐴eff (0)) an initial process zone (sharp crack initiation at a 
𝛽 = 90 deg. V-notch) as a function of (a) the Dirichlet phase-field boundary condition magnitude 𝑑BC for fixed 𝜉BC = 0.1 and 𝜉 = 1.5, (b) the length 
over which the boundary conditions are prescribed 𝜉BC, for fixed 𝑑BC = 1 and 𝜉 = 1.5 and (c) the regularization length 𝜉 for fixed 𝜉BC = 0.1 and 
𝑑BC = 1.

Fig. 5. Variation of the ratio between the apparent initiation GSIF with (𝐾Iapp(𝜉c)) or without (𝐾Iapp(0)) initial process zone (sharp crack initiation 
at a 𝛽 = 90 deg. V-notch) as a function of (a) the Dirichlet boundary condition magnitude 𝑑BC for fixed 𝜉BC = 0.1 and 𝜉 = 1.5, (b) the length over 
which the boundary conditions are prescribed 𝜉BC, for fixed 𝑑BC = 1 and 𝜉 = 1.5 and (c) the regularization length 𝜉 for fixed 𝜉BC = 0.1 and 𝑑BC = 1.

Fig. 6. (a) Variation of the initiation crack length as a function of the V-notch angle with (diamond markers) or without (dashed line) an initial 
process zone. Comparison of (b) the process zone extent and (c) the apparent GSIF at initiation obtained for different V-notch angles by Leguillon 
and Yosibash (2017) (continuous line) and in this work (diamond markers).

load-displacement curve prior to crack initiation (Liu et al., 2017; Chen et al., 2017). The initial process zone is described by setting 
𝑑BC=1 and 𝜉BC = 0.1, which provides a similar initiation GSIF value for an initial crack (𝛽 = 0 deg.) to that obtained in Leguillon and 
Yosibash (2017). The apparent GSIF at crack initiation in the presence of the initial process zone is computed and compared to i) the 
case without an initial process zone and ii) results obtained by Leguillon and Yosibash (2017) where the process zone was described 
by a local decrease of the Young’s modulus in a circular area surrounding the V-notch.
Regardless of the V-notch angle, the presence of the initial process zone induces an increase in the initiation crack length (Fig. 6(a)) 
compared to the sharp crack initiation without process zone. The order of magnitude of the initiation crack length is similar to that 
obtained by Leguillon and Yosibash (2017) who computed initiation crack lengths between approximately 0.8 to 0.9 mm. Nevertheless, 
a non-monotonic variation of the initiation crack length as a function of the V-notch angle was obtained by Leguillon and Yosibash 
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Fig. 7. Variation of the ratio between the dimensionless IERR with or without an initial process zone (regularized crack initiation at a 𝛽 = 90 deg. 
V-notch) as a function of (a) the Dirichlet boundary condition magnitude 𝑑BC for fixed 𝜉BC = 0.1 and 𝜉 = 1.5, (b) the length over which the boundary 
conditions are prescribed 𝜉BC, for fixed 𝑑BC = 1 and 𝜉 = 1.5 and (c) the regularization length 𝜉 for fixed 𝜉BC = 0.1 and 𝑑BC = 1.

Fig. 8. Variation of the ratio between the apparent initiation GSIF with (𝐾Iapp(𝜉c)) or without (𝐾Iapp(0)) initial process zone (regularized crack 
initiation at a 𝛽 = 90 deg. V-notch) as a function of (a) the Dirichlet boundary condition magnitude 𝑑BC for fixed 𝜉BC = 0.1 and 𝜉 = 1.5, (b) the length 
over which the boundary conditions are prescribed 𝜉BC, for fixed 𝑑BC = 1 and 𝜉 = 1.5 and (c) the regularization length 𝜉 for fixed 𝜉BC = 0.1 and 
𝑑BC = 1.

(2017). Fig. 6(b) shows the variation of the process zone extent along the V-notch bisector as a function of the V-notch angle. The 
choice of the process zone description results in approximately 1 to 1.3 mm process zone extent along the V-notch bisector, which 
corresponds to 𝜉c ≈ 1.5 to 2 normalized regularization length at initiation. The order of magnitude of the process zone extent is also 
similar to that obtained by Leguillon and Yosibash (2017), even if the process zone description was slightly different from the one 
proposed in this work. Consequently, GSIF at crack initiation similar to that obtained by Leguillon and Yosibash (2017) are also 
obtained (Fig. 6(c)), the difference slightly increasing for the largest V-notch angles for which the process zone extent is slightly 
larger in this work. Regardless of the V-notch angle, the presence of the initial process zone induces an increase in the apparent GSIF 
at crack initiation (see Fig. 6(c)) compared to sharp crack initiation without an initial process zone.

5.2.  Regularized crack initiation

We finally study the initiation of a regularized crack in the presence of an initial process zone (Fig. 1(c)). Fig. 7 shows how the 
process zone influences the dimensionless IERR compared to the case without an initial process zone, as a function of the three 
parameters describing the process zone. Similarly to sharp crack initiation (Section 5.1), the initial process zone tends to decrease the 
dimensionless IERR because the available elastic strain energy is partly used for the process zone establishment before regularized 
crack initiation. As a consequence, the presence of the initial process zone results in an increase in the initiation GSIF, as shown in 
Fig. 8. When decreasing the regularization length (Fig. 8(c)), the initiation GSIF tends toward that obtained for sharp crack initiation 
without process zone. When reducing the magnitude of the Dirichlet boundary (Fig. 8(a)) or the length over which the Dirichlet 
boundary conditions are prescribed (Fig. 8(b)) for fixed regularization length and process zone length, the initiation GSIF tends 
towards that obtained for regularized crack initiation without the initial process zone (Doitrand and Molnár, 2025).

The proposed approach is finally applied to study regularized crack initiation through an initial process zone and compared to a 
phase-field calculation, based on the benchmark example of crack initiation under three-point bending in a 90 deg. V-notch specimen 
(Abaza et al., 2022). The material properties are: 214 GPa Young’s modulus, 0.31 Poisson’s ratio, 110 J/m2 critical energy release 
rate and 583 MPa tensile strength. Results are also compared to the application of the CC to regularized crack initiation without an 
initial process zone. It was previously shown in Doitrand and Molnár (2025) that in the phase-field calculation, the damage variable 
attained a 𝑑 = 0.4 maximum value in the process zone just before the sudden force drop corresponding to crack initiation. We thus 
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Table 1 
Normalized regularization length, crack length and apparent GSIF at initiation obtained 
using the regularized CC considering an initial process zone described by 𝜉BC = 0.1 and 
𝑑BC = 0, 0.4 or 1. The apparent GSIF at initiation is also provided for a phase-field (PF) 
calculation (Doitrand and Molnár, 2025).

𝜉c 𝓁i (µm) 𝐾Iapp (MPa.mm0.456)  Difference with PF (%)
 Phase-Field calculation  –  – 96  –
 Regularized CC - 𝑑BC = 0 1.77 22.3 95.2 0.8
 Regularized CC - 𝑑BC = 0.4 1.51 26.2 96.4 0.4
 Regularized CC - 𝑑BC = 1 1.09 36.5 98.8 2.9

implement the CC using 𝑑BC = 0.4 and 𝜉BC = 0.01 to be consistent with phase-field observations that show a sharp decrease of the 
damage variable from 0.4 at the notch tip, and also provide the results for 𝑑BC = 1 and 𝑑BC = 0 (no initial process zone) for the sake 
of comparison. Table 1 shows the results obtained with the different methods.

When increasing 𝑑BC, the normalized regularization length tends to decrease whereas the initiation crack length increases, resulting 
in increasing 𝐾Iapp with increasing 𝑑BC. Using a 𝑑BC = 1 Dirichlet boundary condition value yields to a slight overestimate of the 
initiation GSIF compared to that obtained with the phase-field calculation. A better correspondence is obtained for the regularized 
CC description including the initial process zone with 𝑑BC = 0.4, consistently with the process zone observation before initiation in 
the phase-field calculation shown in Doitrand and Molnár (2025).

6.  Conclusion

Crack initiation through a process zone is studied using the CC by combining matched asymptotic expansions and the phase-
field regularization. The initial process zone is introduced by prescribing phase-field Dirichlet boundary conditions around the crack 
initiation location. The process zone description can be adapted by varying the length over which the Dirichlet boundary conditions 
are imposed, the magnitude of the damage variable and the regularization length. The proposed approach thus offers the possibility 
of studying sharp or regularized crack initiation in the presence of an initial process zone. Overall, the initial process zone tends to 
i) mitigate the singular stress field and ii) decrease the incremental energy release rate since part of the stored elastic energy is used 
for the process zone development. As a consequence, the sharp or regularized crack initiates at a higher apparent GSIF than the one 
obtained without an initial process zone. The presence of the process zone introduces a stiffness gradient at the V-notch tip. This 
results in a non-singular stress field for vanishing stiffness at the V-notch tip, or a mitgated singularity for non-vanishing stiffness. 
This finding thus offers a potential design approach to strengthening materials with geometric singularities against cracking by locally 
grading their stiffness, even keeping a finite stiffness at the V-notch tip.

Implementing the proposed approach to study the propagation of a regularized semi-infinite crack in infinite medium shows that 
Griffith’s criterion is retrieved provided that Dirichlet boundary conditions are prescribed on the initial sharp crack lips on a zone 
spanning over at least the regularization length. Otherwise, crack propagation occurs at a higher stress intensity factor. Even though 
Griffith’s prediction can be recovered when propagating a sufficiently large initial process zone, this occurs through the comparison 
of two regularized stress states. Even when the regularization length tends to zero, the model never reverts to a singular stress field. It 
thus raises the question about the existence of truly singular cracks, or whether a finite process zone is always present, which would 
partly explain the long-standing difference between the free surface energy and the fracture surface energy (Bikerman, 1965; Molnár 
and Barthel, 2025).

In the case of sharp crack initiation at a V-notch, the present results are consistent with those obtained by Leguillon and Yosibash 
(2017) who introduced an initial process zone by explicitly describing the Young’s modulus decrease in a circular zone surrounding 
the V-notch. In the present work, the process zone description at crack initiation was a priori chosen. Future work will cover the deter-
mination of the initial process zone development, which may be studied experimentally based on full-field measurements (Leguillon, 
2011) and numerically based on matched asymptotic expansions (Leguillon and Yosibash, 2017). Finally, the regularization length 
describing the process zone was set based on the material fracture surface according to the previously determined relation (Molnár 
et al., 2020, 2022). Another perspective of this work is to consider the process zone description independently of the material fracture 
properties, which will thus result in a 3-parameter criterion to describe quasi-brittle crack initiation. The process zone description 
could be adapted to represent experimental observations or simulations at a lower scale, such as obtained by molecular dynamics 
simulations (Molnár and Barthel, 2025).
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Appendix A.  Matched asymptotic expansions

The CC is implemented based on matched asymptotic expansions, which aims to determine the displacement fields in two config-
urations that are studied at two separate scales:

- At the specimen scale, the process zone before initiation and the small crack that initiates through it are neglected because they 
are small with respect to the specmen dimensions.

- Close to the crack initiation location, we can consider crack initiation at a V-notch configuration disregarding the whole specimen 
geometry.

The displacement fields obtained for both configurations can be matched in an intermediate zone to obtain the full displacement 
fields accounting for both the whole specimen geometry and the small crack.

A two-scale problem to be solved under plane strain conditions and linear elasticity is considered. The first problem is studied at 
the specimen scale, which corresponds to a displacement field noted U𝓁,𝓁c ,𝓁BC . The superscripts 𝓁, 𝓁c and 𝓁BC refer to the presence 
of an initial process zone of length 𝓁BC (the analysis is provided for a fixed value of 𝑑BC) and a regularized crack described by the 
regularizaton length 𝓁c around a sharp crack (nominal length 𝓁). The displacement field U𝓁,𝓁c ,𝓁BC  is the solution of the set of equations

⎧

⎪

⎨

⎪

⎩

−∇ ⋅ 𝜎(U𝓁,𝓁c ,𝓁BC ) = 0,
𝜎(U𝓁,𝓁c ,𝓁BC ) = 𝐶 ∶ ∇U𝓁,𝓁c ,𝓁BC , 𝐶 is the stif fness tensor,
𝜎(U𝓁,𝓁c ,𝓁BC ) ⋅ n = 0 along the free edges, n is the normal vector to the free edges.

(A.1)

The initial process zone length, the initiation crack length and the regularization length are supposed to be of the same order of mag-
nitude, and small compared to the specimen dimensions. The validity of the matched asymptotic approach relies on this assumption, 
which can be checked once the CC has been solved. The presence of the process zone and the regularized crack only influence the 
displacement and stress distributions close to the V-notch tip. Therefore, the actual solution can be approximated by the solution 
without the initial process zone and the regularized crack. This solution thus only requires to be corrected close to the V-notch tip. 
The small correction is determined by solving the problem, close to the crack tip, as detailed in the sequel. The small correction 
decreases to 0 when 𝓁 and 𝓁BC tend to 0, and when moving away from the V-notch tip. The displacement field is written as

U𝓁,𝓁c ,𝓁BC (𝑥1, 𝑥2) = U0(𝑥1, 𝑥2) + small correction, (A.2)

where U0(𝑥1, 𝑥2) is the solution of an idealized problem without process zone and crack. This is the outer field, which is valid except 
near the V-notch tip. Around a V-notch, the asymptotic displacement field for the opening mode is 𝐾I𝑟𝜆u(𝜃) + 𝑜(𝑟𝜆), where 𝐾I is the 
Generalized Stress Intensity Factor (GSIF). The exponent 𝜆 and the corresponding mode u(𝜃) are the solution of an eigenvalue problem 
(Leguillon and Sanchez-Palencia, 1987). The displacement field in the V-notch specimen is written as

U0(𝑥1, 𝑥2) = U0(0, 0) +𝐾I𝑟
𝜆u(𝜃) + 𝑜(𝑟𝜆). (A.3)

The detailed form of the actual solution U𝓁,𝓁c ,𝓁BC  is obtained by rescaling the initial domain by 1∕𝓁 and defining the new dimensionless 
space variables as 𝑦𝑖 = 𝑥𝑖∕𝓁. The inner domain is then obtained as 𝓁 tends to 0. It is an unbounded domain (see Fig. 1(d)) in which :

- The dimensionless crack length is 1
- The dimensionless initial process zone length is 𝜉BC = 𝓁BC∕𝓁
- The dimensionless regularization length is 𝜉 = 𝓁c∕𝓁

The actual displacement field expands as
U𝓁,𝓁c ,𝓁BC (𝑥1, 𝑥2) = U𝓁,𝓁c ,𝓁BC (𝓁𝑦1,𝓁𝑦2) = 𝐹0(𝓁)V0(𝑦1, 𝑦2, 𝜉BC, 𝜉) + 𝐹1(𝓁)V1(𝑦1, 𝑦2, 𝜉BC, 𝜉), (A.4)

with

lim
𝓁→0

𝐹1(𝓁)
𝐹0(𝓁)

= 0. (A.5)

The V i form the inner field and must match the behaviour of the far field at infinity. There is thus an intermediate zone, close to the 
V-notch tip in the outer expansion and far from it in the inner expansion, where both expansions given in Eqs. (A.3) and (A.4) hold 
true. The matching of the terms in Eqs. (A.3) and (A.4) yields

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐹0(𝓁) = 1,
V0(𝑦1, 𝑦2, 𝜉BC, 𝜉) = U0(0, 0),
𝐹1(𝓁) = 𝐾I𝓁

𝜆,
V1(𝑦1, 𝑦2, 𝜉BC, 𝜉) ≈ 𝛾𝜆u(𝜃),

(A.6)
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where 𝛾 = 𝑟∕𝓁 is the normalized polar coordinate. The symbol ≈ means that V1 behaves like 𝛾𝜆u(𝜃) at infinity, it can be written as

V1(𝑦1, 𝑦2, 𝜉BC, 𝜉) = 𝛾𝜆u(𝜃) + V̂1(𝑦1, 𝑦2, 𝜉BC, 𝜉). (A.7)

It is necessary to prove that V̂1(𝑦1, 𝑦2, 𝜉BC, 𝜉) exists and satisfies the equilibrium equations. Combining Eqs. (A.4) and (A.6) into 
Eq. (A.1), and since the V-notch faces remain stress free in the inner domain, V̂1 is solution to the following problem

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

−∇𝑦 ⋅ 𝜎̂ = 0 where ∇𝑥 = 1
𝓁
∇𝑦,

𝜎̂ = 𝐶 ∶ ∇𝑦V̂
1,

𝜎̂ ⋅ n = 0 along the V − notch faces,
𝜎̂ ⋅ n = −(𝐶 ∶ ∇𝑦𝛾𝜆u(𝜃)) ⋅ n along the crack faces,

V̂1 decreases at inf inity.

(A.8)

There exists a unique solution with finite energy to this system of equations (Leguillon and Sanchez-Palencia, 1987) (extension of 
Lax-Milgram theorem to unbounded domains), which decreases to 0 at infinity so that the expansion finally writes

U𝓁,𝓁c ,𝓁BC (𝑥1, 𝑥2) = U𝓁,𝓁c ,𝓁BC (𝓁𝑦1,𝓁𝑦2) = U0(0, 0) +𝐾I𝓁
𝜆[𝛾𝜆u(𝜃) + V̂1(𝑦1, 𝑦2, 𝜉BC, 𝜉)]. (A.9)

The elastic strain energy variation due to regularized crack initiation is thus written as Leguillon and Sanchez-Palencia (1987), 
Labossiere and Dunn (1999) 

−𝛿𝑊el = Ψ(U𝓁,𝓁c ,𝓁BC (𝑥1, 𝑥2),U0,0(𝑥1, 𝑥2)), (A.10)

where

Ψ(f , g) = 1
2 ∫Γ

[𝜎(f ) ⋅ n ⋅ g − 𝜎(g) ⋅ n ⋅ f ]𝑑𝑠. (A.11)

The path independent integral Ψ is defined on Γ, a closed contour surrounding the studied crack initiation location, starting and 
ending on the V-notch free faces. The inward normal to this contour is noted n. The elastic strain energy variation writes

−𝛿𝑊el =
𝐾2

I
𝐸

𝓁2𝜆𝐴(𝑑BC, 𝜉BC, 𝜉), (A.12)

where 𝐴(𝜉, 𝜉BC) depends on the V-notch angle, the dimensionless regularization length and the dimensionless process zone length. It 
also depends on the Poisson’s ratio, as already shown in Doitrand and Molnár (2025), which will not be further studied in this paper. 
The incremental energy release rate (IERR) for a regularized crack in the presence of a process zone is defined as

inc =
−𝛿𝑊el
𝛿𝓁eff

=
𝐾2

I
𝐸

𝓁2𝜆𝐴(𝑑BC, 𝜉BC, 𝜉)
𝛿𝓁eff

=
𝐾2

I
𝐸

𝓁2𝜆−1𝐴(𝑑BC, 𝜉BC, 𝜉)
𝛿𝜉eff (𝜉BC, 𝜉)

=
𝐾2

I
𝐸

𝓁2𝜆−1𝐴eff (𝑑BC, 𝜉BC, 𝜉). (A.13)

The dimensionless IERR 𝐴eff = 𝐴(𝜉BC, 𝜉)∕𝛿𝜉eff (𝜉BC, 𝜉) can be obtained by computing the elastic strain energy difference between 
uncracked and regularized cracked states in the inner domain for a given dimensionless regularization length.
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